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The present thesis presents accurate numerical solutions obtained by finite differ-
ence method for steady laminar heat transfer to annular flows. This work was carried 
out as a first step toward numerical solutions of extended Graetz problem with the 
viscous dissipation and fluid axial heat conduction for annular ducts. Thermal pro-
cessing in annular ducts can regularly be found in heat exchangers, manufacturing 
process of extrusion and drawing, drilling operations and etc. There is a need for 
detailed and systematic research regarding heat transfer and fluid flow characteris-
tics of these types of exchangers. In this respect, an extensive literature search is 
presented for laminar heat transfer to annular flows. 
Consideration is given to steady, hydrodynamically developed but thermally de-
veloping laminar flows of Newionian and non-Newtonian fluids in annular ducts. In 
this study, two configurations of annular ducts, namely, a duct consisting of station-
ary concentric tubes and, a duct consisting of a stationary outer tube and an axially 
moving core tube are applied. The fundamental question under investigation in this 
study was to include the viscous dissipation and the fluid axial heat conduction in 
the analysis. When the fluid axial heat conduction and the viscous dissipation are 
taken into account, the energy equation is elliptic and non-homogeneous in nature. 
The analysis was performed under the three different thermal boundary conditions. 
The annular duct is subjected to a step-change in wall temperature or in wall heat 
flux in order to include the fluid axial heat conduction in both the upstream and 
downstream directions. 
The main purpose of this work was to obtain results that may serve as a reliable 
reference to check the techniques developed for the treatment of more complicated 
problems associated laminar heat transfer in annular ducts. By assuming constant 
thermophysical properties and negligible body forces, the momentum equation and 
the energy equation are uncoupled. First the flow field is solved independently from 
the temperature field. Then by applying the flow information, the heat transfer 
problem is solved. The governing partial differential equations are transformed in 
terms of several dimensionless quantities and controlling parameters of the problem 
are identified. The transformed equations are then solved by the finite difference 
method. Numerical analysis has been conducted for radius ratio range of 0.2, 0.5 
and 0.8. 
In addition to presenting accurate flow and heat transfer results, the effects of 
















1.1 ReSearch ObjeCtive and ScOpe 
There is a wide range of heat transfer problems related to thermal processing of 
materials and manufacturing. Research in thermal processing is largely directed at 
the basic processes, underlying mechanisms, physical understanding of the effects 
of different transport mechanisms, physical parameters on general behavior and 
characteristics, and the thermal process undergone by the material. It is usually a 
long-term effort which leads to a better quantitative understanding of the process 
under consideration. However, it can also provide input for design and development 
[1] . 
The present research is devoted to a basic problem of heat transfer to laminar 
flows in annular ducts. The author is specially interested in the effects of the viscous 
dissipation and the fluid axial heat conduction. The overall focus of this theoretical 
study is to better understand heat transfer and obtain quantitative information on 
laminar heat transfer in annular ducts. The objectives of the present study are 
two-f old . 
Objective I To obtain results th~Lt would be useful in the development and vali-
dation of models for fluid flow and heat transfer in annular ducts consisting of 
stationary tubes. 
Objective 2 To obtain results that would be useful in the development and vali-
dation of models for fluid flow and heat transfer in an annular duct with an 
axially moving core. 
Heat transfer to duct flows has been an active area of research for number of 
decades due to the many practical situations in which it is encountered. The first 
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studies of heat transfer to a duct flow were made by Graetz in 1883-1885 and in-
dependently by Nusselt in 1910. Solutions to this problem, which is well known as 
Graetz problem, and its various extensions continue to evoke many research efforts. 
A comprehensive review of the work on heat transfer in laminar duct flow was com-
piled by Shah and London [2] in 1978 and by Kakac et al. [3] in 1987. As a part 
of･the present research a detailed survey of the recent relevant literature has been 
carried out. The survey reveals that the Graetz problem has not been investigated 
completely. Complete understanding of heat transfer necessitates solving the prob-
lem without making a simplifying assumption that viscous dissipation and/or fluid 
axial heat conduction may be neglected. To the author's knowledge, there is no 
existing solution for thermally developing flow in annular flow including the viscous 
dissipation and the fluid axial heat conduction. Therefore the emphasis in this study 
is on investigating the thermally developing flow in annular ducts by considering the 
effects of viscotis dissipation and axial heat conduction within the fluid. The flu-
ids can exhibit Newtonian as well as non-Newtonian behaviors depending upon the 
particular application. 
The motivation of the present research is to better understand the flow and 
heat transfer characteristics in annular ducts. A Iarge number of thermal systems 
used extensively in industrial applications, thermal energy storage systems, cooling 
of electronic components and transmission cables are described geometrically by 
an annulus. An annulus is geometrically a region bounded both internally and 
externally by cylindrical surfaces. Complete geometrical specification of the annulus 
requires not only the size of the cylinders but the radius ratio, R', which is a ratio 
of the inner core tube radius, Ri, to the outer tube radius, Ro' and some knowledge 





















Fig. 1.1: Schematic of a concentric annular duct 
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concentric annular ducts, in which the axes are coincident. Annular ducts can 
represent a wide range of geometers including cylindrical ducts (R'=0) and parallel-
plates ducts (R'=1). Therefore the solution of a problem of heat transfer to annular 
flows can provide insight into the general problem of laminar heat transfer. In Fig. 
1 . I , the schematic of a concentric annular duct is shown. 
As a main contribution of this investigation, the viscous dissipation and the 
fluid axial heat conduction are included in the study. The calculation results of the 
present study demonstrate excellent agreement with those of previous researchers 
who considered the special cases where the viscous dissipation and/or the fluid axial 
heat conduction is neglected. 
1.2 Previous Works on Heat Transfer in 
Ducts 
Annular 
The literature on laminar heat transfer in annular duct is very extensive; but it 
appears that theoretical solution considering the viscous dissipation and the fluid 
axial heat conduction for thermally developing flow in an annular duct is not avail-
able. Similarly, the laminar heat transfer in an annular duct with an axially moving 
core has been studied so far mainly by neglecting the viscous dissipation and the 
fluid axial heat conduction. Notably, one finds that the heat transfer in an annular 
duct with a moving core has not been studied for non-Newtonian fluids. The pur-
pose of this section is to carry out a literature survey for heat transfer in annular 
ducts. 
The present investigation is concerned with the heat transfer of steady lami-
nar flow in smooth concentric annular duct. Accordingly, the papers reviewed here 
will be restricted to the studies on this particular subject. The literature on heat 
transfer in annular ducts is vast, particularly for annular ducts with rotating cylin-
ders, turbulent flows and those considered free or mixed convection. Since rotation, 
turbulence, free convection are beyond the scope of the present work, a review of 
literature pertaining thereto is unwarranted. 
1 .2.1 Stationary annular ducts 
The literature concerning heat transfer in stationary annular ducts will now be 
reviewed. The studies of the laminar heat transfer in annular ducts may be divided 
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into 5 parts, ( I ) thermally developing but hydrodynamically developed flow of ( I .a) 
Newtonian fluids and (1.b) non-Newtonian fluids, (2) the fluid axial heat conduction 
included study, (3) the viscous dissipation included study, (4) fully developed flow 
and (5) simultaneously developing flow. 
( I ) The heat transfer for thermally developing flow in a concentric annular duct 
has been investigated extensively in Refs.[4] - [12]. (1.a) Most authors [4] - [9] 
dealt with laminar forced convection for Newionian fluids. Hatton and Quarmby 
[4] reported solutions for the second and third kinds of thermal boundary conditions. 
Lundberg, et al. [5] - [6] and Wors~~Schmidt [7] presented solutions for heat transfer 
in annular ducts for four kinds of thermal boundary conditions. Lee and Kuo [8] 
presented analytical solutions by using the Galerkin method for an annular duct 
with specified wall temperature. Buyruk, et al. [9] considered the heat transfer in 
annular ducts with peripherally varying and axially constant heat flux at the walls. 
(1.b) Thermally deVeloping flows of non-Newtonian fluids~ in ~nnular ducts have 
been investigated in Refs.[10] - [12]. By applying the power-law model to describe 
the rheological behavior of fluid, Hong and Matthews [10] presented the results 
for three kinds of thermal boundary conditions. Nascimento, et al. [11] analyzed 
the heat transfer of Bingham plastics in concentric annular ducts for four types of 
thermal boundary conditions using a finite transforming technique. Soares, et al. 
[12] studied the heat transfer to Herschel-Bulkley materials in laminar axial flow 
through concentric annular ducts and presented an extensive literature survey of 
recent studies. They applied a finite volume method for the second and third kinds 
of thermal boundary conditions. 
(2) The effect of fluid axial heat conduction on heat transfer of thermally devel-
oping flow of Newtonian fluids in annular ducts has been investigated in Refs.[13] -
[16] . Hsu [13] investigated the problem analytically for the second kind of thermal 
boundary condition. He applied two semi-infinite domains bounded by an insulated 
cylinder and a cylinder with a step change in wall heat flux. Weigand, et al. [14] 
investigated the fluid axial heat conduction effect on both the laminar and turbu-
lent heat transfer by considering two semi-infinite domains for the third kind of 
thermal boundary condition and for the condition of cylinder walls maintained at 
constant temperature. Telles, et al. [15] . have proposed a general method to solve 
the extended Graetz problem depending upon the determination of the asymptotic 
solution and applied it to solve the steady state heat transfer problem for the ther-
mal entrance regions of parallel-plates, cylindrical and annular ducts. The thermal 
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boundary conditions were allowed to vary along the axial coordinate. Weigand and 
Wrona [16] have presented analytical solutions for the heat transfer to laminar and 
turbulent flows in annular ducts with piecewise constant wall heat flux. 
(3) The effect of viscous dissipation in annular flows has been studied in Refs. [17] 
- [19] . Cox and Macosko [17] have calculated and measured the temperature field 
of the flow of polymer melts in cylindrical, annular, and slit dies. They noted that 
the heat due to viscous dissipation results in significant temperature rises in the 
nozzles of injection molding machines and in the extrusion of polymeric materials. 
They included the temperature dependency of viscosity in their numerical solution. 
Winter has considered the temperature flelds and the viscous dissipation in polymer 
flows in Refs.[18] - [19]. In Ref. [19], Winter presented a detailed analysis of the 
temperature fields caused by viscous heating. 
(4) Fully developed steady laminar flow in concentric ann:ular ducts has been 
iiwestigated 'for hon-Newtonian fluids by Capobianchi and lrvine [20] .' They ptovided 
numerical solutions of the velocity and temperature fields of non-Newtonian fluids 
by applying a modified power-law model for the second kind of thermal boundary 
condition. 
(5) Simultaneously developing steady laminar flow of Newtonian fluids in con-
centric annular ducts has been investigated in Refs.[21] - [22] . Heaton, et al. [2l] 
studied the heat transfer problem for the second kind of thermal boundary condi-
tion. Fuller and Samuels [22] numerically investigated the simultaneously developing 
flow in an annular duct of constant wall temperature by considering the axial heat 
conduction effect within the fluid. 
Extensive literature surveys on the problem of laminar forced convection in con-
centric and eccentric annular ducts are presented by Manglik and Fang [23] . Also, 
Shah and London [2] and Kakac, et al. [3] have summarized the laminar convective 
heat transfer results reported in literature. 
1.2.2 Annular duct consisting of moving cylinders 
The literature concerning the heat transfer in annular ducts consisting of mov-
ing cylinders will be reviewed in this section. Here the literature on heat transfer 
associated with axially moving cylinders are discussed, while the others associated 
with rotating cylinders are not included. 
The fluid flow and heat transfer in an annular duct with an axially moving core 
have been studied by neglecting the viscous dissipation and the fluid axial heat 
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conduction in Refs.[24] - [28]. In these previous studies the Newtonian fluid was 
under consideration. 
In Refs. [24] - [25] , the problem of fully developed turbulent flow and heat transfer 
in a concentric annular duct with a moving core was treated. The velocity profiles 
and the temperature distributions in annular ducts were predicted for various values 
of the core velocity for the 'conditions of (a) a const･ant heat flux at the core tube 
wall with the outer tube wall insulated, (b) the outer tube wall heated with the 
core tube insulated and (c) both of the tube walls heated. The studies have showed 
that for the equal conditions, increasing the relative velocity of the core causes a 
decrease in friction factor and an increase in Nusselt number. Also the effect of 
relative velocity was shown to be diminishing with a decreasing value of the radius 
ratio. This diminishing effect in the relative velocity was more pronounced for the 
case of the outer tube heated with the core tube insulated. 
In Ref. [26] , ah analytical investigation of fully developed lamin:ar fluid flo~r and 
heat transfer in a concentric annular duct with a moving core has been carried out 
for the cases of (a) the core tube wall heated with the outer tube wall insulated and 
(b) the outer tube wall heated with the core tube wall insulated. The assumptions 
made in this reference were that the tube walls are smooth surfaces, the flow is 
incompressible and the viscous dissipation and the fluid axial heat conduction are 
negligible. It was shown that increasing of the relative velocity results in (1) a 
decrease in friction factor, (2) an increase in Nusselt number for the core tube wall 
heated case and (3) a decrease in Nusselt number for the outer tube wall heated 
case. 
Thermally developing laminar flow in an annular duct with a moving heated 
core was analytically studied in Ref. [27] for four kinds of the thermal boundary 
conditions. The assumptions applied in this reference were the steady and hydro-
dynamically fully developed flow, constant physical properties and negligible effects 
of viscous dissipation and fluid axial heat conduction. It was observed that for the 
equal conditions, increasing relative velocity results in (1) an increase in Nusselt 
number at the inner core; but a decrease in Nusselt number at the outer tube for all 
considered thermal boundary conditions and (2) an increase in the value of the ther-
mal entrance length with a maximum at a given relative velocity of the core, U' > o. 
The maximum value of the thermal entrance length increases with increasing value 
of U* but with smaller values of radius ratio, R*. 
In Ref. [28] , fully developed laminar forced convection in an eccentric annular 
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duct with a moving core has been analyzed under the assumptions of negligible 
viscous dissipation and fluid axial heat conduction. 
The heat transfer in plane Poiseuille~Couette flow, which is a particular case of 
the annular flow, has been studied recently for non-Newtonian fluids [29] and in this 
reference a more citation of the published literature on heat transfer for duct flows 
associated with a moving surface can be found. 
Heat transfer to non-Newionian Couette flow in an annular duct with a moving 
core was studied by Lin and Hsieh [30] and with a moving outer cylinder by Lin 
[31]. In their study the fluid was described by the power-law model and the viscous 
dissipation term was included in the energy equation. They considered a cooling 
process subject to the boundary conditions of constant wall temperature and the 
fluid axial heat conduction was neglected. 
Jaluria and Choudhury [32] have studied numerically and experimentally the 
' heat transfer associated with the forced convective' ~coolihg of a heated' cylinder 
moving axially in a channel. They pointed out that this problem is of interest in 
several manufacturing processes such as glass fiber drawing, cable coating, extrusion 
of cylinders and wire drawing. In most of these manufacturing processes, the mate-
rials move in a channel of quiescent fluid while in a few of them the forced convection 
is employed to increase the heat transfer. Aiding and opposing flows were considered 
for the cases of the channel wall kept at a constant temperature that was ( I ) Iower 
than the ainbient fluid temperature, (2) equal to the ambient fluid temperature, 
(3) higher than the ambient temperature and, (4) the wall is insulated. The fluids 
considered were air and water and the rod was made of aluminum or teflon. 
Choudhury, et al. [33] have carried out numerical and experimental studies on 
conj ugate problem of a continuesly moving optical fiber in forced flow in a channel. 
Three different flow configurations namely, (1) aiding (2) opposing and (3) peripheral 
flows have been considered. It was noted that the solid property variation was found 
to be insignificant while fluid property variations were quite substantial. The fluids 
used were pure helium or 50 o/o (by mass) helium-nitrogen mixture. 
Vaskopulos, et al. [34] have numerically and experimentally studied the convec-
tive flows in annular ducts with the inner core moving at a constant velocity for 
conditions applied to the cooling of optical fiber during a drawing process. They 
pointed out that the natural convection cooling is not adequate for fiber cooling. 
The results in this reference are appropriate to the cooling of optical fibers by mixed 
convection. 
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1 .3 Previous Works 
Dissipation and 
tion 
Considered Both the Viscous 
the Fluid Axial Heat Conduc-
In the present study, the viscous dissipation and the fluid axial heat conduction 
are included in the problem formulation. When the restrictions of negligible viscous 
dissipation or fluid axial heat conduction are relaxed, it is known as an extended 
Graetz problem. It appears that the situations studied in the present research has 
not been investigated before. 
The studies concerning laminar heat transfer with viscous dissipation and fluid 
axial heat conduction in ducts under uniform wall temperature condition will now 
be reviewed. The determination of heat transfer rates in the thermal entrance region 
of ducts has been the subject of numerous investigation~ and a detailed survey of 
the abundant relevant literature on the extended Graetz problems can be found in 
Refs. [2] - [3] . Laminar heat transfer under the effects of both viscous dissipation and 
fluid axial heat conduction has received rather sparse attention for non-Newtonian 
fluids inside ducts with uniform wall temperature. 
To the author's knowledge, Refs.[35] - [42] had included both the viscous dissi-
pation and the .fluid axial heat conduction and these studies are for laminar heat 
R transfer in ducts subjected to uniform wall temperature or T thermal boundary 
condition. In these references, the solutions for temperature distribution have been 
presented in the form of a finite series and the following two cases were considered. 
e Case A: semi-infinite region of O ~ z with a uniform inlet temperature at 
z = O, and 
e Case B: infinite region of -oo ~ z ~ oo with a uniform inlet temperature at 
z -> -oo and a step jump in the wall temperature at z = O. 
Singh [35] constructed solutions for Newtonian fluids in a cylindrical duct for 
Case A. He also included prescribed internal thermal energy generation. However 
in Ref. [35] , the fluid bulk temperature and Nusselt numbers for low Peclet numbers 
were not presented. Deavours [36] presented an analytical solution for Newtonian 
flows in a parallel plates duct by decomposing the eigenvalue problem into a system 
of ordinary differential equations for Case B. Wei and Zhang [37] showed that under 
fully developed conditions, the solutions obtained for an elliptic energy equation 
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(with the fluid axial heat conduction term) and for a parabolic one (without the 
fluid axial heat conduction term) are identical for the boundary condition of uniform 
wall temperature. Dang [38] developed solutions for power-law fluids in parallel-
plates and circular ducts for Case B. Dang included the viscous dissipation effect 
in the region for O < z, but neglected it for z ~ o. The studies in Ref. [35] - [38] 
are most relevant to the present study as they consider Newtonian and power-1aw 
fluids. However, their mathematical models and solution methods are different from 
the present work. LeCroy and Eraslan [39] and Lahjomri, et al. [40] treated a 
thermally developing laminar Hartman flow and Min, et al. [41] and Nield, et al. 
[42] concerned thermally developing flow of Bingham plastic and porous medium, 
respectively. From the axial development of Nu reported by Nield, et al. [42] , it 
is seen there is a single fixed point independent of Br in the thermally developing 
region. Also it can be observed that the value of the Nusselt number corresponding 
to this fixed point is equal to the Nusselt number value at the fully developed region 
in the case of non-zero Br. 
1.4 Summary Of this TheSis 
Chapter I shows that there is an urgent need for detailed and systematic research 
regarding the heat transfer and fluid flow characteristics of annular heat exchangers. 
In this respect , Iiterature search is presented on heat transfer. This chapter specifies 
the objectives of the present research. The papers reviewed in this chapter are 
restricted to those particularly relevant to the present study. From the literature 
surveyed it appears that there have been no reports of studies addressing to the 
effects of viscous dissipation and fluid axial heat conduction on laminar heat transfer 
in annular ducts. 
Chapter 2 presents the heat transfer characteristics for laminar flow of Newtonian 
and non-Newtonian fiuids in a stationary annular duct where the flow is hydrody-
namically fully developed but thermally developing. The viscous dissipation and the 
fluid axial heat conduction have been included in the formulation. The uncoupled 
partial differential equations governing the momentum conservation and the energy 
conservation are solved. First, the velocity fields of the laminar flow are obtained 
analytically and numerically. Furthermore, the heat transfer study is reported by 
analyzing the viscous dissipation and the fluid axial heat conduction effects. The 
study has been accomplished for annular ducts with a step change in the wall tem-
perature or in the wall heat flux. The step change location is designated as the 
9 
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axial location of z = O in this study. Three types of thermal boundary conditions 
have been considered: (1) the downstream part of z = O or the tube walls at z > o 
are kept at an equal and uniform temperature both axially and peripherally (the 
/~~¥~/T thermal boundary condition) while the upstream part of z = O or for z ~ o, the 
tube walls are kept at the entering fluid temperature, (2) unequal but uniform tem-
peratures at the tubo walls for z > O (the Ist kind of thermal boundary condition) 
while for z ~ o the wall temperature at the tube walls are kept at the entering fluid 
temperature, and (3) for z > o the outer tube wall insulated with the core tube 
heated uniformly (the 2nd kind of thermal boundary condition) while for z ~ O the 
tube walls are insulated. 
The incorporation of the effect of viscous dissipation changes a homogeneous 
differential equation into a non-homogeneous one. Plus the energy equation includ-
ing the fluid axial heat conduction term is mathematically an elliptic type equation. 
Therefore, the study is directed 'to solve a non-hoinogeneous, elliptic type differential 
equation. A special treatment of the infinite region and the boundary condition at 
the very large axial distance was applied in order to solve the governing equation. 
The finite difference technique was used to solve the problem in a transformed axial 
coordinate system. The author made every effort to validate the applied finite dif-
ference scheme by calculating special cases which have solutions available in open 
literature. For all cases compared, a satisfactory agreement is obtained. The present 
method was able to accurately obtain the results for very small values of the axial 
location . 
The effects of the viscous dissipation characterized by the Brinkman number, 
the fluid axial heat conduction characterized by the Peclet number, and the shear 
thinning given by the power-law model, are examined via the friction factor, the 
Nusselt number, and the fluid temperature for duct of radius ratio ranging from O 
to 1. 
The results indicate that when the viscous dissipation is present, the Nusselt 
number at the core wall decreases for the Ist and 2nd kinds of thermal boundary 
conditions. Also the study reveals that the consideration of the viscous dissipation 
@ for the T thermal boundary condition leads a same value for the asymptotic Nus-
selt number in the fully developed region. An interesting pattern of Nusselt number 
curves creating a fixed point is observed in the thermal entrance region for the 
IFP~~)T thermal boundary condition. The flxed point location on the Nusselt number 
curves was checked analytically for a cylindrical duct. This chapter demonstrates 
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@ that the occurrence of the fixed points for the T thermal boundary condition is 
entirely a consequence of taking into account the upstream flow in the region z ~ O. 
The asymptotic Nusselt numbers at the fully developed condition decrease as the 
flow index increases. In the fully developed region, the results indicate that the 
Nusselt number at the inner core wall is greater for small radius ratios and that the 
-Nusselt number at the outer cylinder wall is greater for large radius ratios. Compar-
ison of the results with the available data has been done. The shape of the annular 
plays a significant part in the heat transfer for both thermally developing flows and 
fully developed flows. 
Chapter 3 is devoted to the heat transfer in an annular duct with an axially 
moving core, which can be commonly seen in continuous casting, extrusion, drawing 
and wire tube coating etc. For an annular duct with an axially moving core, steady 
laminar heat transfer of a thermally developing flow has been analyzed numerically 
by considering the viscous dissipation and the fluid axial heat conduction. 
Two types of thermal boundary conditions have been considered: (1) unequal 
but uniform temperatures at the tube walls for z > o (the Ist kind of thermal 
boundary condition) while for z ~ O the wall temperature at the tube walls is kept 
at the entering fluid temperature, and (2) for z > O the outer tube wall is insulated 
with the core tube heated uniformly (the 2nd kind of thermal boundary condition) 
while for z ~ O the tube walls are insulated. 
The uncoupled partial differential equations governing the conservation of mo-
mentum and energy are solved. First, the velocity fields were obtained. The axial 
velocity of the core significantly affects the flow characteristics and in turn affects the 
heat transfer. Therefore, it was important to clarify the effects of the moving core 
velocity on heat transfer by using an accurate velocity distribution. In this chapter, 
the fully developed laminar velocity field was obtained by applying the modified 
power-law model. Then the effects of viscous dissipation and fluid axial heat con-
duction on the heat transfer for thermally developing flow of non-Newtonian fluids 
flowing in an annular duct with an axially moving core are investigated. Numerical 
analysis has been conducted in the following range of parameters: the relative ve-
locity of the core -1, O and 1, and radius ratio 0.2, 0.5 and 0.8. The effects of the 
moving core velocity, flow index of the modified power-law fluid, Brinkman number 
and Peclet number on the temperature distribution and Nusselt number at the tube 
walls are discussed. 
In Chapter 4, the results obtained in the previous chapters are summarized. 
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Chapter 2 
Stationary Annular Ducts 
The present chapter achieves Objective I of the present research. This chapter 
presents the methodology used to reach Objective I and it provides the solutions 
for flow and heat transfer of Newtonian and non-Newtonian fluids. This chapter is 
organized as follows. In Sections 2.1.1 - 2.1.2, the assumptions, conditions and the 
boundary conditions are described. In Sections 2.2.1 - 2.2.2, the basic equations and 
the solutions for the velocity field are presented for Newtonian and non-Newtonian 
fluids, respectively. In Sections 2.3.1 - 2.4.4, the energy equation and the method 
of solution are given. In Sections 2.5 - 2.5.2, the laminar heat transfer is considered 
for the limiting cases of annular geometry or for the parallel-plates and cylindrical 
ducts. The results for various values of the relevant parameters are presented and 
@ discussed in Sections 2.6- 2.8.5 for the T thermal boundary condition, in Sections 
2.9 - 2.11.4 for the Ist kind of thermal boundary condition and in Sections 2.12 -
2.14.4 for the 2nd kind of thermal boundary condition. The results are summarized 
in Section 2.15. 
2.1 Problem Formulation 
2.1.1 Assumptions and conditions 
In formulating the problem mathematically, the following simplifying assump-
tions and conditions are used in the analysis: 
1 . The flow under consideration is 
o unidirectional and laminar, 
e hydrodynamically fully developed but thermally developing and 
12 
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e steady (this requires that both the velocity and the temperature of the 
flow remain constant in time). 
2. The fluid behaviors of non-Newtonian fluids follow the power-law model. 
3. No-slip and no-penetration on the tube surfaces or walls. 
4. The viscous dissipation is included. 
5. The fluid axial heat conduction is included. 
6. The thermophysical properties such as thermal conductivity, density, specific 
heat are constant. In addition, there is no change upon heating or cooling. 
7. The body forces are neglected. 
As the last assumption suggests, the secondary flow due to buoyancy forces is 
negligible in this study. Therefore the momentum equation and the energy equa-
tion are uncoupled and, the problems of fluid flow and heat transfer can be solved 
independently [43] . 
In this study the procedure will be as follows. First, interest lies in obtaining 
detailed results on velocity fields in annular ducts. Then by applying the velocity 
information, the results of the temperature fields in the ducts are obtained. 
2.1.2 Applied thermal boundary conditions 
The thermal boundary conditions, which applied in the study, are described 
in this section. Reference [2] can be consulted regarding the thermal boundary 
conditions and in this research three kinds of thermal boundary conditions have 
been treated. 
Figure 2. I shows, the physical model and the coordinate system for the analysis. 
The flowing fluid is contained between two infinite circular tubes. This is a two 
dimensional problem and the cylindrical coordinates are used. The upstream region 
for z ~ o is required in order to examine heat transfer by fluid axial heat conduction 
and of particular importance in including this region is to ensure that the fluid 
axial heat conduction from downstream to upstream regions would occur [44] - [45]. 
Further, if viscous dissipation is considered in such analyses, its effect should be also 
taken into account for z ~ o. Thus, inclusion of the upstream region of z ~ O in 
the analysis is needed to exactly account for the preheating of incoming fluid due 
to viscous dissipation and fluid axial heat conduction. 
13 
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z=0 
Te 




or qo = O T0= Te or qo = O 
!i 
il 
or qi= O o~~ L 
oCo 
Ti = const 
or 
qi = const 
Tfd = f(r,z) 
zH*OO 
Fig. 2.1: Schematic of the thermal boundary conditions for an annular duct 
The energy equation including the fluid axial heat conduction term is an elliptic 
type partial equation. Elliptic problems require information on all boundaries [22] , 
[46] - [47] . The energy equation, which will be described in Section 2.3.1, is to be 
solved with the following thermal boundary conditions. 
(1) The /;~~~:/T thermal boundary condition: 
T=Tw at 
T=Tw at 






r = Ri 
r  Ro 
r = Ri 






for Ri < r < R* 
T=Tfd(r,z) for Ri < r < R 
(2.1) 
The boundary conditions in Eq.(2.1) state that the duct walls at the upstream re-
gion of z ~ o are kept at a constant temperature which is equal to the entering fluid 
temperature, Te' For the downstream of O < z, the walls are at a constant tem-
perature, Tw' which may be greater or smaller than the entering fluid temperature, 
Te' 
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r  R' I 
r=Ro 
r = Ri 
r=R 
for Ri<r<Ro 






The boundary conditions in Eq.(2.2) state that the core and outer cylinder walls are 
maintained at different temperatures for O < z. But for z ~ o, the walls are kept at 
the entering fluid temperature. 
(3) The 2nd kind of thermal boundary condition: 
aT 
-k = i at r = Ri O < z q ar 
aT 
k = O at r = Ro O < z ar 
aT 
r = Ri 
ar 
r = Ro 
ar 
lim T = Te for Ri < r < Ro 
z--oo 
lim T = Tfd(r, z) for Ri < r < Ro' 
z-oo 
The boundary conditions in Eq.(2.3) state that constant heat flux at the core wall 
with the outer cylinder wall insulated for O < z. But for z ~ o, both cylinder walls 
are insulated. 
For each of these above thermal boundary conditions, at z -> -oo the entering 
fluid temperature Te is uniform. For large values of the axial location or at z -> oo, 
the fully developed region is reached. The boundary conditions corresponding to the 
axial locations of z -> oo or the values of the temperature profiles, Tfd, in Eqs.(2.1) 
- (2.3) will be obtained in Section 2.4.1. 
For convenience in the further discussion, the part of annular duct for z ~ O is 
called an unheated wall region and the part for z > o is called a heated wall region. 
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2.2 Fluid FIOW 
In this section, the velocity field information that is necessary for the study on 
heat transfer is given. This section provides the solutions in an~lytical and numerical 
forms for Newtonian and non-Newtonian fluids, respectively. In Ref. [48] , an exten-
sive literature survey on laminar annular flows of Newtonian and non-Newtonian 
fluids can be found. 
The conservation equations used for describing a flow may be simplified con-
siderably by making various assumptions with regard to the flow description and 
the physical properties of the fluid involved. The assumptions applied to the flow 
study are given in Section 2.1.1 and under these assumptions, the velocity field is 
independent of the temperature field. 
The specific physical situation under consideration is shown in Fig.2.2. Here u 
denotes the local velocity at the distance r from the center of the annular duct, 
r is the radial coordinate, Ri is the core tube radius and Ro is the outer tube 
radius. In order to obtain the velocity distribution inside an annular duct, the related 
momentum equations are solved. The flow velocity is obtained in dimensionless form 
as 
um 
Where um is the average velocity given as 
2 /~ (R~ - R~) f 
Ri 
The average velocity, um' is used to non-dimensionalize the governing equations as 







::: . r::::::::^'. 
~':' R:o:::::::::: 
~ 
Fig. 2.2: Schematic of a Poiseuille flow in an annular duct 
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2.2.1 Newtonian fluid flow 
The purpose of this section is to describe an analytical solution for a Newtonian 
fluid flow in an annular duct. The exact solution for a unidirectional laminar flow 
of a Newtonian fluid can be found in a classical textbook by Bird et al. [49] (pp. 
51-54). By applying Bird's solution, the dimensionless velocity, u', is obtained in 
accordance to Eq.(2.4) as follows. 
The resulting dimensionless velocity, u', and its gradient, du*/dr', for a Newio-
nian fluid would be: 
2 J 1 - (Nr')2 + B In (Nr') 
~M 
du* 2 (B ~ 07LT2 * = - -4lv r 
In the above equations, r* is the dimensionless radius and throughout in the study 
it is defined as 
r' - Dh ~ 2(Ro ~ Ri) (2.8) 
Dh is the hydraulic diameter and it is used as a scaling parameter for lengths 
throughout the study. 
B, M and N in Eqs. (2.6) - (2.7) are constants given as 
B = R'2 - I (2.9) 
InR* 
M = 1-~+R'2 (2.10) 
N = 2(1-R') (2.11) 
Here R' is the radius ratio. R' is applied for the geometrical specification of annular 
ducts. 
~RO 
2 2 2 Non Newtoman fluid flow 
As stated in Section 2.1.1, describing the assumptions applied in the study, for 
non-Newtonian fluids the power-law model is applied. The momentum equation 
for steady, Ianujnar incompressible fluid flow in cylindrical coordinates with non-slip 
boundary conditions is 
d P 
(rT) - and B.C. : I (2.13) T dr ~ dz u = O at r R 
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According to Assumption 2 given in Section 2.1.1, the fluids are described by the 
power-law model and the shear stress, T, in Eq.(2.13) is 
d n-1 I u du 
= -m dr dr ' 
This model is characterized by two parameters: the power-1aw index, n and the 
consistency index, m. Equation (2.14) implies that the case where n = I corresponds 
to Newtonian fluids, the case where n < I applies to pseudoplastic fluids and the 
case where n > I corresponds to dilatant fluids. 
The momentum equation and its boundary conditions are reduced to, in dimen-
sionless form, as follows 
1 d du* n-1 * *l * ' f * = -2fRe (2.15) d u r ~r* dr dr d r 
u* =0 at r* R* 
B.C. : ~ 2(1 - R*) (2.16) 
u* =0 at r* 1 
~ 2(1 - R*) 
where u*, r* and R* are defined by Eqs.(2.4), (2.8) and (2.12) respectively. f is the 
friction factor given as 
( = h - ) D dP2 pu~ 
The Reynolds number is defined as 
Re - Pu2m~nD~ (2.18) 
m 
The dimensionless velocity, u', is obtained by solving the momentum equation 
Eq.(2.15) with Eq.(2.16). For determining the velocity fleld, u*, the expression 
for the average velocity defined by Eq.(2.5) is used. Equation (2.5) can be written 
in dimensionless form as: 
8(1 - R*) ~r~~F~-~lR u*r*dr' = I (2.19) 
f 
(1 + R*) R. 
~~r~~ 
First, we assume the value of fRe for a given n to solve Eq. (2. 15) with Eq. (2. 16). 
Then, Eq. (2. 19) is checked by substituting the obtained velocity distribution, u*, into 
it. Unless Eq.(2.19) is satisfied within the accuracy of 10-5 a new value of fRe is 
assumed. This process had been repeated until the correct value of fRe is obtained. 
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2.3 Heat Transfer 
2.3.1 Energy equation 
Once the velocity field of the flow is solved, the temperature distribution of the 
fluid flow can also be determined. With the assumptions described in Section 2.1.1, 
in two dimensional cylindrical coordinates the ehergy equation is given as 
[ aT I a ( aT a2T du J pcpu az k Tar ~r ar + az2 Tdr (2.20) 
with cp noting the specific heat and k the thermal conductivity. The density, p, the 
specific heat, cp, and the thermal conductivity, k, are assumed to be constants. 
In Eq.(2.20), the term in the left is the convection term and the first term on 
the right-hand side that contains k is the conduction term. 
The term containing the shear stress, T, is the viscous dissipation term, the 
heat produced by irreversible mechanical energy degradation. Heat generation due 
to viscous dissipation in flowing fluids acts like a heat source. The temperature 
increase resulting this way is especially large when either the velocity gradient or 
the viscosity of the fluid assumes large values. According to a reference by Biermann 
[50] , the viscous dissipation may prevail at a shearing stress higher than about 5 x 
104 N/m2. Tso and Mahulikar [51] pointed out that the relative effect of viscous 
dissipation may become important in the laminar regime in micro-channels since 
the steep gradients are maintained there. 
The term containing a2Tlaz2 is the fluid axial heat conduction term, the heat 
conduction from downstream to upstream. In order to investigate the fluid axial heat 
conduction effect, an additional region has to be included in the study. Because in 
reality the temperature profile at z = O is not uniform due to the upstream heat 
penetration through the thermal entrance at z ~ O; and that the fluid temperature 
must be considered as uniform far upstream at z -> -oo [52]. As shown in Fig.2.1 
on page 14, the temperature field of the flow is obtained for -oo < z < oo in the 
present study. By applying an additional region i.e. an unheated wall region of 
z ~ o, it is made sure that a domain is placed upstream of any regions where the 
axial heat conduction from downstream to upstream would occur. 
The solutions for the temperature field are obtained by solving Eq.(2.20) with 
the thermal boundary conditions described in Section 2.1.2. Then the study has 
been directed toward the prediction of temperature distribution of the laminar flow 
in an annular duct, which has a step change in the wall temperature or in the wall 
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heat flux. Once the temperature distribution is known, the temperature profiles 
may be integrated to obtain the dimensionless the bulk temperature, Tb, of the fluid 
flowing within the annular duct as 
Tb = fRR: uTrdr 
~ fRJ~, urdr 
R. 
2 f uTrdr. (2.21) um (Rg - R?) 
l Ri 
The heat transfer coeflicients at the tube walls are determined as, 
for the /fF~~)/T thermal boundary condition: 
- k aT 
hi E: ar Ri (2.22) Tw~Tb 
kaT 
_ a. R* 
T*-Tb 
for the Ist kind of thermal boundary condition: 
hi ~ka_aTT Ri (2.24) 
~ T,-Tb 
h ka_a~~ R. (2.25) 
o - To~Tb 
for the 2nd kind of thermal boundary condition: 
h･ - qi (2.26) ~~Tl~Tb
The Nusselt number at the tube walls, based on the hydraulic diameter of the 
annulus, Dh, may be written as 
Nu(k) = h(k) D (2.27) 
k 
Nu(ok) h(ok) ' Dh (2.28) 
~ k 
Where, h is the heat transfer coeflicient defined by Eqs.(2.22) - (2.26). The super-
script k indicates the thermal boundary condition such as k = T or I or 2. k = 
T corresponds to the /~¥¥~'T thermal boundary condition, k = I is for the Ist ther-
mal boundary condition, k = 2 is for the 2nd kind of thermal boundary condition, 
respectively. 
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2.3.2 Non-dilnensional formulation 
The application of dimensionless groups reduces the number of independent vari-
ables. The dimensionless quantities applied in the study are defined below. The 
dimensionless temperature is given as: 
e(T) = T - Te (2.29) 
Tw~Te 
e(1) T - Te (2.30) ~ Tl~Te 
e(2) k [T - Te] (2.31) 
qi Dh 
The superscripts indicate the thermal boundary conditions. 
The calculations of the temperature field in annular ducts are carried out by using 
the velocity profiles u' and its gradients du'Idr' obtained in Section 2.2 and two 
dimensionless numbers, namely Peclet number (Pe) and Brinkman number (Br). 
The Peclet number, which is the ratio of the heat transport by convection and 
the heat transport by conduction, is defined as 
Pe - PcpumDh 
The Brinkman number, which is the ratio of the heat production by viscous 
dissipation and the heat transport by conduction, is defined as 
Br(T) = munm+1D1-n (2.33) 
k(T~ - Te) 
Br(1) = munm+1Dl-n (2.34) 
k(Ti - Te) 
~r(2) = munm+1 (2.35) 
D~qi 
From the analysis, it is obvious that the effect of viscous dissipation is quantita-
tively signiflcant if the Brinkman number is of appreciable magnitude. Brinkman 
number clearly depends on fluid properties as well as on the flow conditions and 
[ - I [ - l k Tw(T) T. or k Ti(1) Te Or qi. Although Br is usually neglected in low-speed 
and low-viscosity flows through conventionally sized channels of short lengths, in 
flows through conventionally sized long pipelines and in micro-channels ~r may 
become important [51]. 
The axial coordinate is nondimensionlized as 
z 
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(3) The 2nd kind of thermal boundary condition: 
= -1 at r* O < z* ar' ~ 2(1 - R') 
=0 at ar' r - 2(1 - R') O < z* 
= O at r* z* ~ O ar* ~ 2(1 - R') 
= O at r* z* ~ O ar' ~ 2(1 - R*) 
9 = O at R* I z* -> -oo < r* < 
2(1 - R') 2(1 - R') 
e = efd at 2(1-R') 2(1-R*) z' -> oo < r* < 
In the dimensionless form, the bulk temperature is 
9b E:~ 8(1 - R') f~~j~~P~-~1R ) u' e r dr (2.41) 
' 1+R' J~~~: 
Thus, by applying the obtained developing temperature distributions for the 
each considered thermal boundary condition, according to Eq.(2.22) - Eq. (2.28) the 
conventional Nusselt numbers are obtained as follows, 
/~i:~ 
for the ¥:~)T thermal boundary condition: 
~ (9w ~ 9b) ar' _ 
~2(1R-R ) r* 
~ (eo ~ eb) ar' _ 
r*-~~~~~~ 
for the Ist kind of thermal boundary condition: 
1 ae Nui = - (Oi - eb) ar' _ (2.44) 
R* r* -~7l~y 
1 ae Nuo = (eo ~ eb) ar' ._ (2.45) 
-~~~ 
for the 2nd kind of thermal boundary condition: 
1 
Nui - 9i _ eb (2.46) 
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2.3.3 Governing parameters for the problem 
In Section 2.3.2, the governing partial differential equation is transformed by 
applying several parameters in terms of dimensionless quantities. The problem under 
consideration contains four independent parameters, which need to be prescribed for 
the analysis. These are: 
o radius ratio, R' defined by Eq. (2.12), which is the ratio of the inneir core radius 
to the outer tube radius. Since the basic passage cross section in the present 
study is an annulus, as discussed in Section I . I , the geometrical parameter R' 
characterizes how significant part plays the duct shape in the heat transfer. 
e flow index, n, which determines how fast viscous momentum is transferred 
through the fluid layers in the boundary layer [53] . For shear-thinning or 
pseudoplastic fluids n < I whereas, for shear-thickening or dilatant ones n > I . 
Generally, n depends on the range of shear rates considered [54] . Examples 
of numerical values of n can be found in Refs.[49] (p. 13), [53] (p. 2840), [54] 
(p. 78), and [55] (p. 1587). Three values of n are applied for the calculation. 
They are n = I (Newtonian fluids), n = 0.5 (as an example: carboxymethyl 
cellulose solution) and n = 1.5 (as an example: ethylene oxide in sodium 
chloride solution) . 
o Brinkman number, ~r, which represents the ratio of overall dissipation to 
heat conduction from the wall. This number is of remarkable importance in 
modeling of heat transfer because it establishes the threshold between two 
contrasting situations: one embracing heat generation due to the viscous dis-
sipation (~r ~ O) and the other implicating negligible heat due to the viscous 
dissipation (Br = O). For micro-channels, Br is not only a measure of the 
relative importance of viscous dissipation, but it determines the flow regime 
in addition to the Reynolds nurnber for flows with heat transfer [56, 57] . In 
an attempt to investigate the viscous dissipation effect on heat transfer, the 
Brinkman number, defined by Eqs.(2.33) - (2.35), is used. Negligible viscous 
dissipation condition is only valid for Br = O. The Brinkman number values 
can be interpreted directly as representing the viscous dissipation. The more 
absolute value of the Brinkman number is, the more pronounced effect of vis-
cous dissipation. For a 0.2 % aqueous carbopol solution (n = 0.26) flowing 
in a 30 mm diameter circular duct with average velocity um = 0.0785 m/s 
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(an example given in Ref. [54] p. 273), Br = 8xl0-6. In this example the 
temperature difference, (TW ~ Te) in Eq.(2.33) is 65. For oil (n = 1) flowing 
(at an average velocity um = 2 m/s) in a pipeline (Dh = 0.3 m) through a lake 
(an example given in [58] p. 881), the value of Brinkman is JBr = - 1.1. Here 
the difference (TW ~ Te) in Eq.(2.33) is 20. 
e Peclet number, Pe, which characterizes the ratio of heat convection to heat 
conduction. Pe is applied in modeling the heat transfer as its value determines 
two different situations: one proposing heat conduction from the downstream 
(finite Pe) and the other suggesting negligible heat conduction from the down-
stream within the fluid (infinite Pe). Peclet number, defined by Eq.(2.32), is 
used to measure fluid axial heat conduction effects. Clearly neglecting the 
fluid axial heat conduction is acceptable at large values of the Peclet number. 
Normally, Pe is larger than 100; however, if a high-temperature liquid metal, 
such as sodium, is flowing slowly the Peclet number value can be as low as 
5. In the present study, the case of Pe -> oo stands for the negligible fluid 
axial heat conduction and in order to carry out the calculation for this case 
the value of Pe = 108 was applied. 
In Ref. [40] , an illustrative example determining the values of Brinkman number 
and Peclet number can be found. 
2.4 CalculatiOn MethOdOIOgy fOr the Heat Trans-
fer Study 
The incorporation of the terms of viscous dissipation and fluid axial heat con-
duction changes a homogeneous, parabolic energy equation into a non-homogeneous, 
elliptic one. The purpose of discussing the type of the governing differential equation 
is to connect it with the calculation methodology and especially with the key role 
of the fluid axial heat conduction term. 
The governing energy equation does not lend itself to an analytic solution and 
the author had to resort to numerical methods. The particular numerical scheme 
adopted is a finite difference method. Two complexities arise for solving the energy 
equation numerically as an elliptic type problem. One is related with the semi-
infinite domain as explained in Section 2.3.1. The other is the necessity of an 
additional boundary condition since the boundary conditions are needed on all of 
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the boundaries to solve an elliptic equation [22] , [46] - [47] . Therefore, the following 
2 aims should be addressed. 
1. Obtaining efd in Eqs.(2.38) - (2.40) or solving the temperature distributions 
at z* -> oo. 
2. Converting the semi-infinite domain, described in Sections 2.1.2 and 2.3. 1, into 
a finite one in order to solve the energy equation by a finite-difference method. 
Sections 2.4. I - 2.4.2 are designated to accomplish these aims. First the te'mperature 
distribution at z* -~ oo is determined. At a very large value of z*, the fully developed 
condition is reached. Therefore the solution for the fully developed flow is applied 
to calculate the thermally developing flow. Although the primary interest is the 
thermally developing flow as Section 2. I . I suggests, the solutions for the heat transfer 
in the fully developed flow are provided. 
2.4.1 Solutions for z -> oo 
As explained immediately above, this section describes the heat transfer in the 
fully developed flow which would be needed to solve the energy equation. In the 
preceding three subsections, the temperature fields in the fully developed flows, efd' 
are obtained for the thermal boundary conditions of /~¥~./T , Ist kind and 2nd kind 
respectively. 
r~~~ 
The ~)T T.B.C 
For ducts with uniform wall temperature, the temperature of a fully developed 
flow is a function of r' alone [15], [37] - [39]. According to this condition, Ofd becomes 
the particular solution of the following equation. 
1 d .defd du* n-1 * )2 * r ) = f ･ f ( * (2.47) d u ~r ~r* dr dr* dr d r 
* R* e=1 at r = 
B.C. : 2(1 - R*) (2.48) 
0=1 at r = 2(1 - R*) 
By applying the velocity gradient, du'Idr*, obtained in Section 2.2, the tem-
perature distribution 9fd is solved. Then 9fd is replaced in Eq.(2.38) to solve the 
problem of thermally developing flow. 
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The Ist Kind of T.B.C 
For the Ist kind of thermal boundary conditiOn, in the fully developed region 
the dimensionless temperature is a function of r* alone. 
1 d *defd du* n-1 * )2 * r ) =: I *f ( * (2.49) duJBr 
~r* dr dr* dr d r 
* R* e=1 at r := 
B.C. : 2(1 - R*) (2.50) 
e=0 at r = 2(1 - R*) 
By applying the velocity gradient, du*Idr*, obtained in Section 2.2, the tem-
perature distribution Ofd iS SOlved. Then efd is replaced in Eq.(2.39) to solve the 
problem of thermally developing flow. 
The 2nd Kind of T.B.C 
For the 2nd kind of boundary condition, in the thermally developed region the 
energy equation is 
du n-1 )2 p kl a ( aTfd I I ( = dTb (2.51) ) d u +m Tar ~r ar pc u dz d r d r 
-kaTfd = qi at r = Ri 
ar 
ar = O at r = Ro 
dTbldz in Eq.(2.51) is evaluated, from an energy balance as 
Ro du n-1 
2 Riqi dz pcpum (R~ - R~) I + Ri dr dr (2.53) 
Ri qi 
Substitution of the above balance into Eq.(2.51) gives 
du n-1 )2 kl a ( aTfd + ml I ( = (2.54) ) du Tar ~r ar dr dr 
Ro du n-1 2uRiqi I I ( du) 2 
um (R~ - R~) I + Ri dr dr 
Ri qi 
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By introducing the relevant dimensionless quantities defined in Section 2.3.2, the 
above equation becomes 
+ I aefd 4u* 
- * f ･* * dr*2 ~T dr* = (1 + R*) R* + 2(1 R ) V r dr - V (2 55) 
R* 
~~j~Fy 
d ef d * R * = -1 at r -dr* ~ 2(1 - R*) 
=0 at r = dr* 2(1 - R*) 
where 
du* n-1 * )2 V = Br I * I ( * (2.57) du 
dr dr 
On the other hand, the following is assumed on the fact that in the thermally 
fully developed region the temperature solution is a linear function of z*. 
efd = Cz' + ip(r') (2.58) 
Substitution of Eq.(2.58) into Eq.(2.55) and Eq.(2.56) yields 
d2ip + I dip _ Cu V 
d r' ~ d r' ( 2 . 59) 
= I at r = dr' 2(1 - R') 
=0 at r = dr' 2(1 - R') 
According to Eq.(2.58) 
a20fd d 2ip and aefd d ip ( 2 . 6 1 ) 
ar'2 dr* ar* ~ dr* 
Thus 
d2ip + I dip _ ~~~ 4u* 
- ･ f. ･･ -dr' ~Tdr' ~ (1 + R') R' + 2(1 R ) V r dr - V (2 62) 
~T~T 
The coefficient C was found by comparing Eq.(2.59) and Eq.(2.62) as 
4 ~~r~'-~*R 
C = (1 +R') R' +2(1 R ) V'r'dr (2.63) 
~~~ 
ip(r') was calculated from Eq.(2.59) with Eq.(2.60) by the flnite difference method. 
efd was calculated from Eq. (2.58) and replaced in Eq.(2.40) as a boundary condition 
to solve the problem. 
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2.4.2 Coordinate transfOrmation 
As stated previously in Section 2.3.1, in order to study the fluid axial heat 
conduction effect an infinite region is applied in this study. The following relation 
is employed for transforming the upstream and downstream infinities in Eqs.(2.38) 
- (2.40) into finite values. 
1 z* z' = E tan(7rzt) or z arctan (2.64) 
where E is a transformation constant taken as unity in this study. The above 
tangent transverse transformation was employed by Fuller and Samuels [22] , Verhoff 
and Fisher [59] , Ku and Hatziavramidis [60] and by Campo and Auguste [6l]. By 
applying the tangent transverse transformation, the upstream infinity at z' -> -oo 
and the downstream infinity at z* -~ oo are converted to zt = -0.5 and zr = 0.5, 
respectively. 
2.4.3 Transformed dimensionless energy equation 
By introducing the transformed coordinate zt given by Eq.(2.64), the energy 
equation Eq.(2.37) and the boundary conditions Eqs.(2.38) - (2.40) become 
l ae a20 a26 1 aO du' n-1 ' f ･f ( *)2 d u lazt ~ ar*2 + 12az'2 + ~~ar' + Br dr dr (2.65) 
where 
cos2(7rzt ) ll = [ I sin(27Tzt) (2.66) J u* + 
7rE Pe2 E 
l I [[cos2(7rzr)Jl 






e = efd 
R* 
r* at - 2(1 - R*) O < zt' 
. 1 at r - 2(1 - R') O < zt 
. R* at r - 2(1 - R') zt ~ o 
. 1 at r - 2(1 - R') zt ~ O 
< r* < at 2(1-R') 2(1-R') z; = -0.5 
< r* < at 2(1-R') 2(1-R') = zt O 5 
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(2) The Ist kind T.B.C.: 
~ 2(1 - R') 
~ 2(1 - R') 
e = O at R* ~ 2(1 - R') 
O = O at - 2(1 -R') zt ~ o r* 
< r* < zt = -0.5 2(1 - R') 2(1 - R') 
e = efd at 2(1-R') 2(1-R') = < r* < zt 05 
(3) The 2nd kind T.B.C.: 
= I at r' O < zt ar' ~ 2(1 - R') 
= O at r* O < zt ar' ~ 2(1 - R') 
= O at r* zt ~ o ar' ~ 2(1 - R') 
= O at r* z~ ~ O ar' ~ 2(1 - R') 
9 = O at 2(1-R') 2(1-R') = ~0.5 < r* < zt 
e = efd at 2(1-R') 2(1-R') zt = O 5 < r* < 
To obtain the temperature field, the transformed energy equation Eq.(2.65) has 
been solved by applying the velocity fields in stationary concentric annular ducts 
which were obtained in Section 2.2. The results are discussed in Sections 2.6 -
2.8, 2.9 - 2.11 and 2.12 - 2.14 separately in accordance with the associated thermal 
boundary conditions. 
In the present study, the solution technique to solve the partial differential equa-
tion Eq.(2.65), is the finite difference method described in the following section. 
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2.4.4 Finite difference approximations 
The finite difference formulation of the energy equation, Eq. (2.65) , along with the 
associated thermal boundary conditions, Eqs.(2.68) - (2.70), is solved numerically. 
The dimensionless temperature of the fluid flowing inside an annular duct has been 
obtained as a result of the flnite-difference approach that approximates Eq. (2.65) by 
transforming into a set of algebraic equations. 
Figure 2.3 shows the solution zone which is axially extend d f = -0.5 
(z' -> -oo) to zt = 0.5 (z' -> oo). The solution zone is divided into cells and 
the radial and axial divisions being designated by Ar and ~Lzk, respectively. The 
sub-indices k and m are assigned to the radial and axial directions. Using these 
notations such as k and m, the derivatives appearing in Eq.(2.65) are converted as 
follows: 
ae e(mk) ~ e(mk~1) 
Azk_1 
a2e o(mk+1) (1 + (T2)e~) + a29(mk~1) _ (1 - (T) ekm+1 _ e~ I (2.72) 
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ae e(mk) ~ e(mk) 1 
~ Ar 
a2e _ e(mk)+1 ~ 2e(mk) + 9(mk) I (2.74) 
~ ar'2 (Ar)2 
Where 
A zk 
(r - Azk_1 (2.75) 
The numerical approach employed for the system equations was based on the Gauss-
Seidel method. Mesh sizes of 100x400 consisting of finer grids near z~ = O was 
applied to allow more accurate representation of the fluid axial heat conduction 
effect. The mesh sizes along the axial coordinate varies from Azk_1 to Azk. In other 
words, the mesh is updated at each iteration in accordance with Eq.(2.75). The 
finest mesh is used at the entrance z' = O and the mesh spacing is enhanced to both 
the downstream and the upstream directions by multiplying the foregoing mesh size 
with a constant a. Mesh sizes grow denser with the constant degree of a as they 
approach to the location of the step change in the wall temperature or in the wall 
heat flux, i_e., zt = O. Along the r' direction, equally sized meshes were used. By 
discretizing the energy equation Eq.(2.65), the final set of finite difference equation 
becomes : 
l(k) 9(~k) e~ l) 
~ AZk-1 





[e(mk+1) _ (1 + (72)e(mk) + cr29(mk~1) (1 - a) e~+1) _ e~-1) kJ 
(Azk)2 Azk Azk_1 + Az 
+ I e~) Are(mk) I + JBr du* (2.76) n+1 ~ ~ ( *)m 
In the numerical computation, the prescribed error c for all the variables was 
roo 








The temperature data in annular ducts are extracted from nodal values and the 
results are discussed in Sections 2.6 - 2.14 separately for each thermal boundary 
condition. 
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2.5 Limiting CaseS Of R* O and R* 1 
This section discusses the heat transfer in cylindrical (R* = O) and parallel-plates 
@ (R* = 1) ducts under the T thermal boundary condition. Figure 2.4 shows the 
physical model and coordinate system. The z axis is taken in the flow direction and 
passes through the center of the duct designated as (0,0) in Fig.2.4. At z -~ -oo 
the fluid enters with a uniform temperature, Te' The wall temperature is equal to 
Te for z ~ o. At z = O the wall temperature jumps from Te to Tw' Both Te and 
Tw are constants. The flow is assumed to be steady, Iaminar and hydrodynamically 
fully developed but thermally developing. Moreover, the properties of the fluid 
are assumed to be constant and the power-law model is applied to describe the 
rheological behavior. The velocity fields in cylindrical and parallel-plates ducts 
were obtained analytically from a momentum balance and given in Ref. [62] as 
u* I + (2 +p)n I - {(4 - 2 p)r*}~~; (2.78) 
n+1 
The dimensionless governing equation for the Graetz problem including both 
viscous dissipation and fluid axial heat conduction can be represented as 
* ae I a *p ae I a29 du* n-1 * du
az* r*P ar r ar* + pe2 az'2 + Br dr (2.79) u = d r 
where e = (T - Te)1(Tw ~ Te) is the dimensionless temperature, z*=(z/Dh)/Pe is 
the dimensionless axial coordinate, Pe = pcpumDh/k is the Peclet number, Br = 
n+1 1 n (mum Dh- )/[k(Tw ~ Te)] R is the Brinkman number and um = 2 fo u r dr/R2 or 
um = 2 foL/2 u dr/L is the average velocity of the fluid. The index p in Eqs.(2.78) -





Hydrodynamically fully developed 





(O, O) oo 
z 
Fig. 2.4: Geometrical configuration 
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As discussed in Section 2.4, the energy equation is mathematically elliptic and 
the boundary conditions are needed on all of the boundaries [22, 46, 47] . The 
boundary conditions for the energy equation are given as 
ae 
= O at r* = O for - oo < z* < oo 
ar* 
e=1 at r* = r~ for O < z * z'l_+imooe=0 for O < r* < r~ 
e = O at r* = r~ for z* ~ o lim e = efd(r*) for O < r < rw' (2.80) 
z -oo 
Here, efd' i.e, the boundary condition of the downstream infinity (z -> oo) is 
determined for parallel-plates ducts: 
9fd = Br 4~~i 2n + I n 3~+1 (2.81) n ( ) (3n + 1) [ ~ ~:hl 4- ~ r~ 
and for cylindrical ducts: 
2 n 1-n ~~:~ ~ ( ) [ ~~:1_ Jefd = ~r 2~2:tL~i 3n + I r* ~ (2.82) 2- ~ 
Once the temperature distribution, e, is known, the local Nusselt number and 
the bulk temperature are determined as 
, eb E (4 + 4 p) o ~ u* e r*Pdr* (2.83) 
k (ew ~ eb) ar* 
~ 
The index p is equal to O for parallel-plates and to I for cylindrical ducts. 
References [63] - [69] concerned the laminar heat transfer in cylindrical ducts 
C for the T thermal boundary condition and they included the viscous dissipation 
while neglecting the fluid axial heat conduction. For cases of viscous dissipation 
included in the energy equation, the conventional Nusselt numbers for laminar flow 
in ducts subject to uniform wall temperature had been presented for Newtonian 
fluids in Refs.[63] - [64], for power-law fluids in Refs. [65] - [66] , for Bingham plastics 
in Refs.[67] - [68] and for viscoelastic fluids in Ref. [69] . 
2.5.1 Temperature distributions and Nusselt nulnbers for 
R* - O and R* 1 
The temperature distributions of power-law fluids flowing in parallel-plates and 
cylindrical ducts have been calculated in the axial domain for -oo < z* < oo. The 
computed results are shown graphically and the main features are discussed. 
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Typical developing temperature profiles in a cylindrical duct are displayed for 
comparison in Figs. 2.5(a) and 2.5(b). At z' = O, there is a step change in the wall 
temperature. In this study, according to the deflnition of Br, negative Br stands 
for fluid cooling and positive ~r stands for fluid heating. 
Figure 2.5(a) illustrates the developments of the local temperature profile for the 
case of negligible viscous dissipation and fluid axial heat conduction (~r = O and 
Pe -> oo). 
Figure 2.5(b) shows the temperature profile for the case of considerable viscous 
dissipation and fluid axial heat conduction (Br = 0.1 and Pe = 10). The solid 
lines in these figures correspond to the region where the wall temperature, ew ' is 1 
(O < z'). The dotted lines are the temperature profiles for z' ~ o where the wall 
temperature is kept equal to the entering fluid temperature or where the dimension-
less wall temperature is O. 
By comphring~the temperature developments in Figs.2.5(a) and 2.5(b) it is seen 
that the fluid temperature is deviated from O due to the fluid axial heat conduction 
and the viscous dissipation before the fluid enters into the heated wall region of 
O < z'. The circles show the solutions presented by Olek [70] for the case of negligible 
viscous dissipation and fluid axial heat conduction and the agreement is reasonably 
good. 
In Fig.2.6, the heat transfer results for a cylindrical duct are illustrated in terms 
of conventional Nusselt numbers, Nu, against the dimensionless axial coordinate, z*, 
in the thermally developing region for Newtonian (n = 1), pseudoplastic (n = 0.5) 
and dilatant (n = 1.5) fluids with the Peclet number and the Brinkman number as 
parameters . 
In these figures the solid curves stand for Pe ~> oo and the dotted curves for Pe = 
10. The figures show that the thermal entrance length increases as Pe decreases. 
Another relevant feature on the figures is that when viscous dissipation is con-
sidered (Br ~ O) the asymptotic Nu is independent of JBr. This behavior has 
been discussed by previous researchers [63] - [69] . The results in Refs.[63] - [69] , 
demonstrate that two values of Nusselt numbers exist in the fully developed region 
whether ~r value is zero or non-zero. For non-zero ~r, the Nusselt number ap-
proaches asymptotically to a fully developed value regardless of cooling or heating 
condition. Nield, et al. [42] explained this behavior of Nusselt numbers in the fully 
developed region as follows. By changing the Brinkman from zero to non-zero, the 
homogeneous governing energy equation becomes a non-homogeneous one and the 
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(a) Negligible viscous dissipation and fluid axial heat conduction (~r = O and 
Pe -> oo) 
(b) Considerable viscous dissipation and fluid axial heat conduction (~r = 0.1 and 
Pe = 10) 
Fig. 2.5: Developing temperature profiles of a Newtonian fluid (n = 1) in a cylin-
drical duct (R' = O) 
viscous dissipation provides a heat source distribution which persists downstream 
and changes the nature of the fully developed temperature distribution. 
For a Newtonian fluid in a cylindrical duct, Nufd = 9.6 was found by Ou and 
Cheng [63] and the present solution confirms that. The present study shows that 
for non-zero ~r the asymptotic Nusselt numbers also do not depend on Pe values, 
whereas for zero ~r the asymptotic Nusselt numbers depend on Pe values and the 
asymptotic Nusselt number increases slightly with a decrease in Pe. The behavior 
of the Nusselt number variation can be explained from the values of (e~ - eb) and 
ae/ar'l.･=1/2 (see Eq.(2.83)). As can be seen, for Br ~ O in the case of heating 
(Br > o), a minimum value of Nusselt number appears at some axial distance. In 
the case of cooling (~r < O), Nu attains values of plus and minus infinities in the 
thermally developing region. These behaviors of the Nusselt number were discussed 
in [63] , [66] and [71]. The numerical values of the asymptotic Nusselt numbers are 
given in the figures for Br ~ O and for ~r = O. 
Laminar heat transfer in cylindrical and parallel-plates ducts has been studied 
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very extensively in the past. The heat transfer results are compared with the avail-
able data in the literature. The circles and triangles show the available data by 
previous researchers for Pe -~ oo and for Pe = 10, respectively. The circles in the 
thermally developing region show the results by Prusa and Manglik [72] and McKil-
lop [73]. As can be seen, even at small values of z*, the agreement is excellent. 
The numerical values of Nu 'in the fully developed region corresponding to the solid 
circles shown in Fig.2.6, are the results calculated from the following equation by 
Dang [38] for non-zero Br as 
Nufd 2(3n + 1)(5n + 1) (2.84) 
n(4n + 1) 
The triangles represent the results reported by Hennecke [47] . Hennecke stated that 
his results were not intended to be completely valid in the immediate vicinity of 
z' = O. This explains the slight differences for z' ~ 0.005. 
~ The present study reveals that for a given P~cl~~ humber th~re is a single fixed 
point regardless of ~r in the thermally developing region, as seen in Fig.2.6, if the 
upstream region for z' ~ o is included in the analysis. As the power-law index 
decreases, the position of the fixed point shifts closer to z' = O, i.e., to the wall 
temperature jump location. The occurrence of fixed points can be also seen in Nield 
et al., [42] who considered both viscous dissipation and fluid axial heat conduction 
effects in a parallel plate channel with a step change in wall temperature. 
Figure 2.7 displays the conventional Nusselt number at the walls of the parallel-
plates duct. The results are compared with the available data by the previous 
researchers [38] , [62] and [74] . The numerical values of Nu in the fully developed 
region corresponding to the solid circles shown in Fig.2.7, are the results calculated 
from the following equation by Dang [38] for non-zero Br as 
Nufd 2(4n + 1)(5n + 2) (2.85) 
n(3n + 1) 
37 
CHAPTER 2. STATIONARY ANNULAR DUCTS 



















tl, t ttt l It t 
tl, ,I ~L tl 
Itt ttt ttl $t t 





























t't~~'__ Br= 1 
, 
I 1¥ . 
t 













',, Pe = 10 ---
: Prusaetal.[72] o 
,", Dang [38] -
*'.. Hennecke [47] A 




l0~ 1 0~3 1 0~2 1 o~l 




3.674 (Pe= Io) 



















Pe = 10 ---
McKillop[73] o 
Dang [38] e 
t" I I I I "~tl I ' 't ' I tu'u I t 'a't' t lt~b'~~i:tjtl Br=-1  I tt tlD "" t I r- _0'5 ":'1 -tt ,t ,t ,P~ 
s'L 
.(P.. 
~: ": ' t':1F"~'b "' t" , ,,1b Br= 1 t "F,It'b" "･ ,¥:b"'.._ ."br= 0.5 t'L ' 
't Br= O IL ,b 1¥ 1¥ , 
t 







Br= 1 t - t t t 
t 










n = 0.5 
1 0~ 1 0~3 1 0~2 
axial location, t 
Dilatant fluid 
1 1 .67 
3.978 (Pe= Io) 
3.965 (Pe ~ -) 
20 

















t I I , I t t ' = -0'5 t Br , , l t I It t ' . . . 't 't t
t t 
I I . . . ' ' . t tt ' It ___'ttl"b'l; 
¥t t . . t t' . 
lb'L 'F'b ~t _1 l Br l lb l 1¥'blL $ 
l ,b ~ , (,.,..... 
1'sILlb' I -
~;:,,1'!"_ Br= 1 
l l l ,b t "" Br= 0'5 
l lb / I "'bl"" l 















Pe = 10 ---
Prusa et al.[72] o 
Dang [38] -
Br= O 
n = 1.5 
8. 905 
3.536 (Pe= Io) 
3.401 (pe ~ =) 
ro~ 1 0~3 ro~2 1 o~' I oo 
axial location, t 
Fig. 2.6: Effects of Brinkman number and Peclet number on Nusselt number for 
Newtonian (n = 1), pseudoplastic (n = 0.5) and dilatant (n = 1.5) fluids, Cylindrical 
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2.5.2 Analytical solution fOr R* := O 
In this section, some results given in Section 2.5.1 are used to validate the cal-
culation methodology (described in Section 2.4) applied in this work. At this point 
a comparison between the solutions obtained numerically and analytically is of in-
terest. In this section, an analytical solution for the local Nusselt number will be 
obtained for a limiting case. The case considered here is a situation of negligible 
fluid axial heat conduction (Pe -> oo) for a Newtonian fluid (n = 1) flowing in a 
cylindrical duct (R' = O). An additional purpose of this section is to derive the 
coordinates corresponding to the fixed point at the plot of Nusselt curves for the 
Newtonian fluid (n = 1) in a cylindrical duct by considering the viscous dissipation 
effect alone or by neglecting the fluid axial heat conduction (Pe -> oo). 
It is possible to obtain the expression for the Nusselt number by applying the 
solutions in infinite series by Brown and Newman [2] (pp. 101-102). Their solutions 
were for a Poiseuille flow of a Newtonian fluid in a cylindrical duct. Following 
Brown and Newman [2] , the energy equation with the viscous dissipation term for 
a Poiseuille flow of a Newtonian fluid flowing in a cylindrical duct can be written as 
2 aO 1 1 .ae (1 - r' ) = - r ar' + 16 Br r (2.86) z* r* ar* 
e(O r') = I + ~r(1 - r'4), e(z', 1) = 9w = O (2.87) 
and aO(z', O)lar' = O 
It should be noted that in this section the definitions of the dimensionless pa-
rameters including the dimensionless velocity and the dimensionless temperature 
follow as Brown [2]. r' = 0.5 in the present work is equivalent to r' = I in Brown's 
definition. Also the bulk temperature in Ref. [2] is eb = 4 fol e u' r' dr'. 
The temperature distribution can be obtained in the following form: 
e(z', r') = ~(z', r') + efd(r') (2.88) 
The function ~(z', r') is to be solved in the form of 
oo 
~(z ,r') = ~ CnRn(r )exp( 2A2z') (2.89) 
n=1 
9fd is the fully developed temperature profile and a function of r' alone. For New-
tonian fluids it is 
efd(r') = JBr(1 - r'4) (2.90) 
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The resulting equation is then given as 
( a~~ I a .a~ (1 - r'2)az' ~rar r ar' (2.91) 
~)(O, r') = 1, ~)(z', 1) = O (2.92) 
and a~)(z*, O)lar' = O 
in which the function ~(z', r') and its inlet and boundary conditions are identical 
to those in Ref. [2]. The first 121 terms of the series of On' Rn(r*) and An have been 
applied. Up to the first 1 1 terms were taken from Brown [2] and the rest of the 
terms were determined following Newman [2] to obtain the function ~(z', r'). By 
applying the obtained temperature distribution, e(z', r'), the local Nusselt number 
is found as 
2 ( ae = ) r'=1 e* - eb ar' ~ 516~r + 8b (2.93) 
where 
oo 
a = ~ Gnexp( 2A~z') 
n=1 
oo 
b = ~(Gn/A~)exp(-2A~z') (2.94) 
~= 1 
Gn = ~(On/2)R'(1) 
In order to obtain the values of the coordinates corresponding to the fixed point, 
the following calculations have been done. At the fixed point, the Nusselt number 
values are the same for the different Brinkman numbers or do not depend on the 
Brinkman number values. Therefore, for solving the coordinates of the fixed point, 
the derivative of Nusselt number with respect to Brinkman number is applied. The 
derivative aNula~r is zero at the axial location of the fixed point. 
aNu 8(516Br + 8b) - 5/6(8Br + 4a) _ O 
aBr (5/6Br + 8b)2 
or 
8Br + 4a 
516Br + 8b = 9.6 (2.95) 
In view of Eq.(2.93) and Eq.(2.95), it is seen that the local Nusselt number is 
independent of the Brinkman number, if the local Nusselt number is 9.6. Therefore 
the ordinate of the fixed point in this case is 9.6. Also Eq.(2.93) and Eq.(2.94) 
ensure that the local Nusselt number is 9.6 if the axial coordinate is large or 
lim Nu = 9.6 (2.96) z*-oo 
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On the other hand, the abscissa of the fixed point in the thermally developing 
region has been obtained from Eq.(2.95) by applying the Newtonian method. The 
abscissa of the fixed point or the axial location corresponding to the fixed point was 
found to be z* =1.2e-3. 
For the case of negligible fluid axial heat conduction (Pe -> oo) within a Newto-
nian fluid (n = 1) in a cylindrical duct (R' = O), the numerically obtained solutions 
were reproduced the analytical solution with Eq.(2.93). They have been compared 
elsewhere [75] without distinguishable differences for the different Brinkman number 
values. 
2.6 ResultS and DiSCussiOns Of the R T.B.C 
@ The temperature field of the thermally developing flow under the T thermal 
boundary condition has been obtained by solving the transformed energy e~quation 
Eq. (2.65) with Eq. (2.68). The objective herein is to display the results and to provide 
explanations for the solutions. 
The results are presented in the form of graphs and compared to the available 
data by other authors. Also the results, which are given as the temperature fields 
and the corresponding Nusselt numbers, are discussed. The consideration is given 
to the effects of the problem governing parameters determined in Section 2.3.3. 
2 7 Temperature Dlstributions of the ~) T.B.C 
The discussion of results begins with the presentation of the temperature profiles 
in an annular duct. The temperature field in the annular duct can be plotted from 
the results of the numerical calculation for the forced convection heat transfer. The 
effects of two relevant parameters, i.e. the Brinkman number, the Peclet number 
on the developing temperature profiles are shown for the three different fluid flow 
indices, corresponding to Newtonian, pseudoplastic and dilatant fluids in Figs.2.8 -
2.10. The results are given for an annular duct of radius ratio, R' = 0.5. 
In the following figures, ~ = O corresponds to the core tube wall and ~ = I is the 
outer tube wall. z* is the axial location and in these figures the temperature profiles 
are shown at the axial locations of z* = 5 x 10-3; 2.5 x 10-2; 6.3 x 10-2; O; and 5.4 
x 10-1. At the location of z* = O, the wall temperature jump occurs. 
The radial temperature profiles in Fig.2.8(a), Fig.2.9(a) and Fig.2.10(a) are ob-
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tained on the basis of the assumption that the viscous dissipation and the fluid axial 
heat conduction are negligible or for the case of Br = O and Pe -> oo. It is seen, for 
~r = O and Pe -> oo, at z' = O the dimensionless temperature of the fluid is zero. 
The temperature profiles in Fig.2.8(b), Fig.2.9(b) and Fig.2.10(b) are obtained 
after disregarding the assumption of negligible viscous dissipation while the fluid 
axial heat conduction is negligible or for the case of ~r = 0.1 and Pe -> oo. The 
temperature profiles in Fig.2.8(c), Fig.2.9(c) and Fig.2.10(c) are to show the fluid 
axial heat conduction effect or for the case of Br = O and Pe = 10. The temperature 
profiles in Fig.2.8(d), Fig.2.9(d) and Fig.2.10(d) are for Br = 0.1 and Pe = 10. 
2.7.1 Effect of Br on the temperature distributions 
In the respect of the effect of Br on the dimensionless temperature, the left hand 
side plots (for L~r = O) in Figs.2.8 - 2.10 can be compared with the right hand side 
ones (for Br = 0.1). As seen in Figs.2.8(b), 2.9(b) and 2.10(b), the temperature 
R at z' = O is definitely deviated from O. For the T thermal boundary condition, 
the temperature of both tube walls was set at the same level as the entering fluid 
temperature for z' ~ O. This increase in the unheated wall region shows that the 
fluid temperature increases before the fluid reaches the heated wall region because of 
the heat generated by the viscous dissipation and the heat generation due to viscous 
dissipation in the flowing fluid acts like a heat source. 
2.7.2 Effect of Pe on the temperature distributions 
In the respect of the effect of Pe on the dimensionless temperature, the left upper 
plots (for Pe -~ oo) in Figs.2.8 - 2.10 can be compared with the lower ones (for Pe = 
10). Figures 2.8(c), 2.9(c) and 2.10(c) show that the fluid temperature is increased 
in the unheated wall region. Since both the walls' temperature was set at the same 
level as the entering fluid temperature in the unheated wall region, this increase is 
due to the heat conducted from downstream into the region of z ~ O. In Figs.2.8(a), 
2.9(a) and 2.10(a), which show the case of Pe -> oo, no temperature increase due 
to the fluid axial heat conduction is observed in the unheated wall region. 
2.7.3 Effect of n on the temperature distributions 
In the sequence of Figs.2.8 - 2. 10, the developing temperature profiles are shown 
for three different fluid flow indices, corresponding to Newtonian, pseudoplastic and 
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dilatant fluids and the effect of flow index, n, can be seen. 
The temperature distributions show quite similar behaviors for different fluids. 
The response of the Newtonian fluid to viscous heating is more pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
The effect of flow index, n, on heat transfer with fluid axial heat conduction is 
seen insignificant unlike the viscous dissipation included in heat transfer. 
2.8 NusSelt Numbers Of the ~ T.B.C 
In Figs. 2.11 - 2.13, the heat transfer results are illustrated in terms of a con-
ventional Nusselt number for the three different radius ratios (R' = O, 2, 0.5, 0.8). 
In these figures the Nusselt number at the inner core, Nui defined by Eq.(2.42), and 
that at the outer cylinder, Nuo defined by Eq.(2.43), are shown as a function of the 
a~dal coordinate with the Brinkman number and the Peclet number as pa;rameters. 
Figure 2.11 shows the Nusselt numbers for a Newtonian fluid, whereas Fig.2.12 and 
Fig.2.13 are for pseudoplastic (n = 0.5) and dilatant (n = 1.5) fluids, respectively. 
The Nusselt numbers for all the cases tend to asymptotically approach some con-
stants as the dimensionless axial distance, z', becomes signiflcantly large because of 
full development of the temperature field. 
It is worthwhile to compare the present results with the available data. In 
Fig.2.11, our results are compared with the data by Shah and 'London [2] and 
Weigand, et al. [14] . The circles are the solutions reported in Ref. [2] (p. 293). 
The solid circles and the solid triangles are the results reported in Ref. [14] for Pe = 
300 and for Pe = 10, respectively. The agreement of our results with the available 
data is excellent for the fully developed region when both the viscous dissipation 
and fluid axial heat conduction are neglected [2] . It should be noted that the Nusselt 
curves of the present solution are given for Pe -> oo while the solid circles are the 
solution by Weigand, et al. [14] for Pe = 300. 
In Sections 2.8.1 - 2.8.5, the discussions of the results on Figs.2.11 - 2.13 are 
given . 
2.8.1 Effect of 1~ir on the Nusselt numbers 
In this study, according to the Brinkman number definition, for the negative 
Brinkman numbers the fluid is considered as being cooled from the wall and the 
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@ that for the T thermal boundary condition, in the fully developed region, all 
non-zero Br cases result an equal value of the asymptotic Nusselt number [63] . 
Another relevant feature shown in Figs. 2.11 - 2.13 is that the plots show that 
the thermal entrance length increases due to the viscous dissipation and the flow 
first reaches the fully developed condition as if there is no viscous heating. 
2.8.2 Effect of Pe on the Nusselt numbers 
In Figs.2.11 - 2.13, the solid lines represent the case of negligible fluid axial heat 
conduction (Pe -~ oo) and the dotted lines are for Pe = 10. It can be seen that the 
Nusselt number increases with decreasing Peclet number for a given value of z' in 
the thermal entrance region. For a given Peclet number, there is a fixed point where 
the Nusselt number values are equal for all Br in the thermally developing region. 
Another relevant feature shown in the fig~res is that the plots show that the 
thermal entrance length increases due to the fluid axial heat conduction. 
2.8.3 Effect of n on the Nusselt numbers 
The heat transfer results show quite similar behaviors for different fluids in Figs. 
2.11 - 2.13. For non-Newtonian fluids, the Nusselt number increases with decreasing 
a Peclet number for a given value of z* in the thermal entrance region just as it does 
for the Newtonian fluid. 
With･ increasing n, the value of z* corresponding to the fixed point increases for 
both Nui and Nuo' 
When the viscous dissipation is included in the study, the Nusselt numbers for 
heat transfer to the Newtonian fluid are higher than those to the dilatant fluid but 
less than those to the pseudoplastic fluid. 
The response of the Newtonian fluid to viscous heating is more pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
The effect of flow index, n, on heat transfer with fluid axial heat conduction is 
seen insignificant unlike the viscous dissipation included in heat transfer. 
2.8.4 Fixed points 
An appearance of the fixed points in the Nusselt curves are seen in Figs. 2.11 -
2.13. The location of the fixed point is found to depend on the flow index, n, and 
the radius ratio, R*. Such an appearance of fixed points was also shown by Nield, 
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et al. [42] . In their results for the axial development of Nu, it is seen that there is 
a single fixed point independent of ~r in the thermally developing region and the 
value of the Nusselt number at this flxed point is equal to that at the fully developed 
region in the case of non-zero Br. 
@ The present solutions for the T thermal boundary condition demonstrate that 
the occurrence of the fixed point is entirely a consequence of the upstream preheated 
region (z ~ o) where the fluid is heated due to the viscous dissipation. 
A more detailed discussion for the fixed points and an analytical solution de~ 
scribing the location of the fixed point for a cylindrical duct (R' = O) are given in 
Section 2.5.2. 
2.8.5 Effect of R* on the Nusselt nunubers 
The position of the fixed point shifts closer to z* = O for Nui as R* decreases, 
whereas for Nuo as R* increases. 
In order to show the radius ratio effects, the heat transfer results are given in 
Fig.2.14 for the cases of Pe -> oo and Br = O; Pe = 10 and Br = 1. The results 
indicate that the Nusselt number at the inner core wall is greater for smaller radius 
ratios in the fully developed region. The Nusselt number at the outer cylinder wall 
is greater for larger radius ratios. 
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2.9 Results and DiSCusSiOns Of the Ist Kind Of 
T.B.C 
The temperature field of the thermally developing flow under the Ist kind of 
thermal boundary condition has been obtained by solving the transformed energy 
equation Eq.(2.65) with Eq.(2.69). The objective herein is to display the results and 
to provide explanations for the solutions. 
The results are presented in the form of graphs and compared to the available 
data by other authors. Also the results, which are given as the temperature fields 
and the corresponding Nusselt numbers, are discussed. The consideration is given 
to the effects of the problem governing parameters determined in Section 2.3.3. 
2.10 Temperature DistributiOns Of the Ist Kind 
Of T.B.C 
The temperature profile within the annular duct is discussed first. Figures 2. 15 -
2.17 illustrate the developing temperature profiles of Newtonian, pseudoplastic and 
dilatant fluids flowing in an annular duct of radius ratio, R' = 0.5. The abscissa 
~ = O is the core tube wall and ~ = I is the outer tube wall. In these figures, the 
temperature proflles are shown at the axial locations of z* = O; 2.42 x 10-2. and 1. 
At z' = O, the dirnensionless temperature value at the core tube wall jumps from O 
to 1. 
The figures in each graph are the temperature profiles under the same conditions 
except for a change in the fluid axial heat conduction term and the viscous dissi-
pation term. The figures on the left are the temperature profiles under the same 
condition with the exception of the fluid axial heat conduction. If the figures on 
the left are compared with the figures on the right, the viscous dissipation effect on 
the temperature distribution can be observed. The upper figures correspond to the 
negligible fluid axial heat conduction case or Pe -~ oo. The lower ones show the 
temperature distributions when Pe = 10. If the upper figures are compared with 
the lower ones the fluid axial heat conduction effect on the temperature distribution 
can be observed. As the fluid flows, its temperature rises due to the heat input from 
the wall, from the fluid axial heat conduction and the viscous dissipation. These 
results display the expected temperature increase. From these figures it can be ob-
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served that the fluid temperature increases in the region for z* ~ o or before the 
fluid reaches the heated wall region when Pe = 10 and Br = 0.1. This indicates 
that the fluid temperature increase is due to the viscous dissipation and to the fluid 
axial heat conduction. 
2.10.1 Effect of Br on the temperature distributions 
As seen in Figs.2.15(b), 2.16(b) and 2.17(b), the dimensionless temperature at 
z* = O is definitely deviated from zero for ~r = 0.1 and Pe -> oo. This shows 
that the fluid temperature increases before the fluid reaches the heated wall region 
because of the heat generated by the viscous dissipation. 
2.10.2 Effect of Pe on the temperature distributions 
Figures ~2.15(c), 2.16(c) and 2.17(c) show that the fluid temperature is increased 
for Pe = 10 in the unheated wall region. Since both the walls' temperature was set 
at the same level as the entering fluid temperature in the unheated wall region, this 
increase is due to the heat conducted from downstream into the region of z ~ O. 
2.10.3 Effect of n on the temperature distributions 
The temperature distributions show quite similar behaviors for different fluids. 
The response of the Newtonian fluid to viscous heating is more pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
The effect of flow index, n, on heat transfer with fluid axial heat conduction is 
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2.11 Nusselt Numbers Of the Ist Kind Of T.B.C 
In Figs. 2.18 - 2.20, the heat transfer results are illustrated in terms of a con-
ventional Nusselt number for the three different radius ratios (R* = 0.2, 0.5, 0.8). 
In these figures the Nusselt number at the inner core, Nui defined by Eq.(2.44), and 
that at the outer cylinder, Nuo defined by Eq.(2.45), are shown as a function of the 
axial coordinate with the Brinkman number and the Peclet number as parameters. 
Figure 2.18 shows the Nusselt numbers for a Newtonian fluid, whereas Fig.2.19 and 
Fig.2.20 are for pseudoplastic (n = 0.5) and dilatant (n = 1.5) fluids, respectively. 
The case with negligible viscous dissipation and fluid axial heat conduction is 
compared with the available results in Ref. [2] (p. 304) and Ref. [10] (p. 1702). 
In Sections 2.11.1 - 2.11.4, the discussions of the results in Figs.2.18 - 2.20 are 
given . 
2.11.1 Effect of Br on the Nusselt numbers 
In Figs.2.18 - 2.20 illustrating the Nusselt numbers at the cylinder walls, the 
Brinkman number value varies as O; 0.05 and 0.1. 
Including the viscous dissipation causes an increase in Nusselt number at the 
outer cylinder wall Nu. , and causes a decrease in Nusselt b ' t the core cylinder 
num er a 
wall Nui. 
The Nusselt curves, Nui, for the core tube are almost identical in the thermally 
developing region for the different Brinkman numbers. 
2.11.2 Effect of Pe on the Nusselt numbers 
The effect of fluid axial heat conduction is illustrated in terms of the Peclet 
number, Pe. In Figs.2.18 - 2.20, the solid lines represent the case of negligible fluid 
axial heat conduction (Pe -> oo) and the dotted lines are for Pe = 10. 
It is seen that the Nusselt numbers, Nui and Nuo' at the tube walls increase 
with a decrease in Peclet number in the thermal entrance region. This implies that 
the effect of fluid axial heat conduction on heat transfer rate is strong in the thermal 
entrance region. 
The Nusselt number, Nui, at the location where the wall heating commences 
is of course extremely large for Pe -> oo and rapidly decreases to a limiting value 
showing the temperature proflle is fully developed. 
59 



















Pe = 10 "-.... 
Er*O 
Br ･ 0.05 
Br=0.1 
10~ rtr3 ro~2 



















Pe = 10 ･･････-
Er=0.l 
""I･ll,..,lll,l 





Radius ratio R* = 0.2 
ro~3 ro~2 ro~l 
















Pe = 10 ･･･････, 




Er = 0.05 
Br=0.1 
10~ ro~3 ro~2 


















Pe = 10 ･---･･-, 







Radius ratio R* = 0.5 
ro~j rcr2 ro~l 




















Pe = 10 ""'--
Br=0 
Er = 0.05 
Br=0.l 
l0~ 1 0~3 1 0~2 


















Pe = 10 ----... 




Radius ratio R* = 0.8 
ro~j ro~2 ro~l 
axial location, z' 
1 Oo 
Fig. 2.18: Local Nusselt number for a Newtonian fluid (n = 1) (Nui at the mner 
core and Nu. at the outer cylinder) 
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Fig. 2.19: Local Nusselt number for a pseudoplastic fluid (n = 0.5) (Nui at the inner 
core and Nuo at the outer cylinder) 
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The Nusselt number Nu,, at the core tube wall increases with a decrease in 
Peclet number in the thermal entrance region. This implies that the effect of fluid 
axial heat conduction on heat transfer rate is strong in the thermal entrance region. 
This effect is diminished as Peclet number is increased. 
The inclusion of the fluid axial heat conduction in the study causes a higher 
Nusselt number, Nu., at the outer cylinder wall (whose temperature is maintained at 
a constant value equal to the entering fluid temperature). This behavior is attributed 
to that the fluid temperature increase due to the fluid axial heat conduction (for 
z' ~ o) before the fluid flow reaches the heated wall. 
2.11.3 Effect of n on the Nusselt numbers 
The heat transfer results show quite similar behaviors for different fluids. For 
the non-Newtonian fluids, the Nusselt number increases with decreasing a Peclet 
number for a given value of z' in the thermal entrance region just as it does for the 
Newtonian fluid. 
When the viscous dissipation is included in the study, the Nusselt numbers, Nui, 
for heat transfer to the Newtonian fluid are higher than those to the dilatant fluid 
but less than those to the pseudoplastic fluid. 
The response of the Newtonian fluid to viscous heating is inore pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
The flow index, n, effect on heat transfer with fluid axial heat conduction is seen 
insignificant unlike the viscous dissipation included in heat transfer. 
2.11.4 Effect of R* on the Nusselt numbers 
The results in Figs. 2.18 - 2.20, indicate that the Nusselt number, Nui, at the 
inner core wall is greater for smaller radius ratios in the fully developed region. The 
Nusselt number, Nuo' at the outer cylinder wall is greater for larger radius ratios. 
The radius ratio R' = 0.2 is superior to R' = 0.5 and R' = 0.8 from the view 
point of heat transfer at the core under the same conditions. More discussion about 
the effect of R* on Nu can be found in Section 3.6.4. 
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2.12 Results and Discussions of the 2nd Kind 
T.B.C 
of 
The temperature fleld of the thermally developing flow under the 2nd kind of 
thermal boundary condition has been obtained by solving the transformed energy 
equation Eq. (2.65) with Eq.(2.70). The objective herein is to display the results and 
to provide explanations for the solutions. 
The results are presented in the form of graphs and compared to the available 
data by other authors. Also the results, which are given as the temperature fields 
and the corresponding Nusselt numbers, are discussed. The consideration is given 
to the effects of the problem governing parameters determined in Section 2.3.3. 
2.13 Temperature Distributions of the 2nd Kind 
of T.B.C 
Figures 2.21 - 2.23 illustrate the developing temperature profiles of Newtonian, 
pseudoplastic and dilatant fluids flowing in an annular duct of radius ratio, R* = 
0.5. In these figures the temperature proflles are shown at the axial locations of z* 
= O; 0.1; 0.42 and 1. At z* = O, the wall heat flux at the core tube jumps. In these 
flgures, the abscissa ~ = O is the core tube wall and ~ = I is the outer tube wall. 
2.13.1 Effect of Br on the temperature distributions 
In Figs.2.21 - 2.23, the dimensionless temperature at z' = O is definitely deviated 
from zero for Br = 0.1. This shows that the fluid temperature increases before the 
fluid reaches the heated wall region because of the heat generated by the viscous 
dissipation. 
2.13.2 Effect of Pe on the temperature distributions 
Figures 2.21 - 2.23 show that .the fluid temperature is increased slightly for Pe = 
10 in the unheated wall region. Since both the walls' are insulated in the unheated 
wall region (for z' ~ o), this increase of temperature is due to the heat conducted 
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Fig. 2.23: Developing temperature profiles of a dilatant fluid. 
2.13.3 Effect of n on the temperature distributions 
An inspection of Figs.~.21 - 2.23 shows that the temperature distributions show 
quite similar behaviors for different fluids. The response of the Newtonian fluid to 
viscous heating is more pronounced than that of the pseudoplastic fluid but less 
remarkable than the dilatant fluid. 
The effect of flow index, n, on heat transfer with fluid axial heat conduction is 
seen insignificant unlike the viscous dissipation included in heat transfer. 
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2.14 NusSelt NumberS Of the 2nd Kind Of T.B.C 
In Figs. 2.24 - 2.25, the heat transfer results are illustrated in terms of a con-
ventional Nusselt number for the three different radius ratios (R* = O, 2, 0.5, 0.8). 
The variations of Nusselt number are shown with the different values of Pe and Br. 
2.14.1 Effect of JBr on the Nusselt numbers 
As seen in Figs. 2.24 - 2.25, Brinkman number has a strong effect on the Nusselt 
number both in the thermally developing region and in the thermally fully developed 
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Pseudoplastic and dilatant fluids 
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dilatant fluid n - 1 5 Nu' at the inner core ( - . )( I ) 
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The Nusselt number at the core decreases with an increase in Brinkman number 
in the fully developed region and in the thermally developing region. 
2.14.2 Effect of Pe on the Nusselt numbers 
The solid lines represent the case of negligible fluid axial heat conduction (Pe -> 
oo) and the dotted lines are for Pe = 10 in Figs.2.24 - 2.25. 
@ Unlike the cases for the T and Ist kind of thermal boundary conditions, Nui 
values at the heated core in the thermal entrance region tend to decrease near z' = 
O with a decrease in Pe. 
There is no effect of Pe on the Nusselt number in the fully developed region. 
2.14.3 Effect of n on the Nusselt nunlbers 
'T'he heat･ transfer results show quite similar behaviors for different fluids. For 
the non-Newtonian fluids, the Nusselt number increases with decreasing a Peclet 
number for a given value of z' in the thermal entrance region just as it does for the 
Newtonian fluid. 
When the viscous dissipation is included in the study, the Nusselt numbers for 
heat transfer to the Newtonian fluid are higher than those to the dilatant fluid but 
less than those to the pseudoplastic fluid. 
The response of the Newtonian fluid to viscous heating is more pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
The flow index, n, effect on heat transfer with fluid axial heat conduction is seen 
insignificant unlike the viscous dissipation included in heat transfer. 
2.14.4 Effect of R* on the Nusselt numbers 
The results indicate that the Nusselt number at the inner core wall is greater for 
smaller radius ratios in the fully developed region. 
The radius ratio R* = 0.2 is superior to R* = 0.5 and R* = 0.8 from the view 
point of heat transfer at the core under the same conditions. 
More discussion about the effect of R* on Nu can be found in Section 3.9.4. 
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2.15 COnCluding Remarks 
The heat transfer problem for laminar flow of Newtonian and non-Newtonian 
fluids flowing in annular ducts has been treated by including both the viscous dissi-
pation and the fluid axial heat conduction. The ducts are considered to be under a 
step jump in the wall temperature or in the wall heat flux. The obtained numerical 
solutions were compared with the data by the previous researchers that are available 
for the limiting cases. For all cases compared, excellent agreement was obtained. 
It indicates that the descriptions of the flow field and the temperature field are 
accurate. 
A temperature increase was observed in the unheated wall region for Pe = 10 and 
Br ~ O. This observation for Peclet number effect on heat transfer result confirms 
the role of Peclet number in the fluid axial heat conduction term in the energy 
equation. Also for Brinkman number, this confirm. ~. th~ _rol~_.pf. ~r_i~lkng~n.number 
in the viscous dissipation term in the energy equation. 
As a main contribution of this investigation, the Nusselt numbers for a wide 
range of parameters have been calculated. The numerical results are given graph-
ically in terms of the conventional Nusselt number for Newtonian and power-law 
non-Newtonian fluids showing the effects of the Brinkman number and the Peclet 
number. An appearance of a fixed point in the plots of the axial development of 
the Nusselt numbers was observed as a consequence of including the preheating of 
incoming fluid due to viscous dissipation and fluid axial heat conduction for the 
@ thermal boundary condition of T kind. Analytical solutions by the previous re-
searchers [2] have been applied in order to check the values of the coordinates of the 
fixed point in the Nusselt curves. Comparison of the present results with the data 
of the analytical study in the literature of Newtonian fluids support the numerical 
solutions of this study as having suflicient accuracy. 
The results showed that the radius ratio effect on the Nusselt'number in the fully 
developed region is as follows: at the core tube wall, the Nusselt number increases 
for smaller radius ratios but at the outer wall wall, the Nusselt number is greater 
for larger radius ratios. 
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Chapter 3 
Annular Duct with an Axially 
Moving Core 
In this chapter Objective 2 of the present research has been achieved. This 
chapter is organized as follows. In Section 3.1, the problem formulation including 
a brief description of the application is given and, the assumptions and conditions 
are described. In Sections 3.2.1 - 3.2.2, the basic equations and the solutions for the 
velocity field are presented for Newtonian and non-Newtonian fluids, respectively. In 
Sections 3.3. I - 3.3.5, the energy equation and the method of solution are given. The 
results for various values of the relevant parameters are presented and discussed in 
Sections 3.4 - 3.6.4 for the Ist kind of thermal boundary condition and in Sections 3.7 
- 3.9.4 for the 2nd kind of thermal boundary condition. The results are summarized 
in Section 3.10. 
3.1 Problem Formulation 
The problem considered in this chapter is a counterpart of the problem treated 
in Chapter 2. The study in this chapter differs from those of Chapter 2 in that with 
axially moving core. Problems involving fluid flow and heat transfer in an annular 
duct with an axially moving core can be found in many manufacturing processes 
such as extrusion, drawing, polymer coatings of wires or tubes for corrosion protec-
tion and hot rolling, etc [76]. In these manufacturing processes a very commonly 
encountered circumstance is that a moving core continuously exchanges heat with 
the surrounding environment. In most of the listed manufacturing processes when 
the moving boundary emerges from the die or the rollers, it is at a temperature 
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higher than that of the surroundings and in many practical cirdumstances, the ex-
truded material passes through a cooling bath or trough. As a concrete example, in 
coating processes, the wire is coated with a plastic sheath from an extruder and then 
the coated wire passes through a cooling system. Also the coating is an essential 
part of optical fiber which affects its long term reliability. Various materials such as 
polymers, metals and carbon are applied to silica optical flber [77] . 
For such cases, the fluid involved may be Newtonian or non-Newtonian and the 
flow situations encountered can be either laminar or turbulent. In many applications 
such as in the cooling of optical fibers, Iaminarly flowing cooling agent is preferred 
to avoid excessive flow over the fiber that may abrade the fiber surface, and localized 
dynamic pressure may also enhance the surface degradation by abrasion or fatigue 
[78] . 
In this chapter, the fluid between the tubes flows to or against the direction of 
the core movement. 'The physical situation under consideration in this chapter is' 
shown is in Fig.3.1. The flow is a Couette flow with a superimposed axial pressure 
driven flow or in other words a Poiseuille-Couette flow. The outer tube is stationary 
and the core tube is axially moving at a constant velocity, U. In this study, the 
velocity U is proposed to serve as a controlling index that properly indicates the 
relative importance of the velocity of the core. The sign of "+" before U reflects the 
case when the core direction coincides with the flow direction and "-" is vice versa. 
All the assumptions given in Sections 2.1.1 are applied in this chapter except 
Assumption 2 that is for non-Newtonian fluids. The modified power-law model [20] 
is applied to describe the flow as this model insures an accurate velocity field even 
in the lower shear rates including zero shear rate. Since the moving core deforms 
the velocity profile of the flow, it is important to study the heat transfer by applying 













Fig. 3.1: Schematic of a Poiseuille-Couette flow in an annular duct 
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In this chapter, the laminar heat transfer is studied when the cylinders are held 
at different temperatures or heat fluxes in the heated wall region. Thus the Ist 
and 2nd kind of thermal boundary conditions described in Section 2.1.2 are applied 
while the IF~I~./T thermal boundary condition is not considered. 
3.2 Laminar FIOW 
In this section, an accurate velocity field in an annular duct consisting of an 
axially moving core and a stationary outer tube is given. As discussed in Section 
2.1.1, the velocity field information is necessary for performing the heat transfer 
study. 
As mentioned previously the assumptions listed in Sections 2.1. I will be applied. 
However, the assumption regarding the non-Newtonian fluid is different (Assumption 
2). In order to~ accurately clarify the effects of the moving core velocity' on heat 
transfer, the modified power-law model [20] is used to describe the fluid. For a 
Newtonian fluid flowing in an annular duct with an axially moving'core, an analytical 
solution was available and this will be given first. 
3.2.1 Newtonian fluid flow 
An analytical solution for a Newtonian fluid flowing in an annular duct with an 
axially moving core is available in Ref. [79] . With some manipulations the velocity 
is given as 
u = 4R_; (_d_d~-) {1 - (R )2 (R )} + InU_R In (L ) (3.1) ro + B In ro * o 
Here constant, JB, and radius ratio, R*, are given respectively by Eq.(2.9) and 
Eq.(2.12) on page 17. 
The average velocity, um' is 
um 2 R'u rdr R2 _d_d~-) ~ + HU (3.2) 
R20 ~ R 411 
l Ri 
where M is given in Eq.(2.10) and H is a constant defined as 
H E R*2 (B/2) (3.3) 
R*2 - I ' 
Then the resulting dimensionless velocity, u*, and its gradient, du*Idr*, are: 
2 (1 HU ) fll (Nr ) + JB* In(Nr*)} 
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[ r* J * -2N2r* + dr* = M (1 - HU ) (3.5) 
Constant N is defined by Eq.(2.11) and ~* is 
B* E B1 - (U*/2) (3.6) 
1 - HU* 
The dimensionless relative velocity of the core, U*, is defined as 
um 
In Fig 3.2, the results showing the velocity field of a Newtonian fluid flowing 
in annular duct are presented. Here the predictions of the dimensionless velocity 
profiles and the square of the velocity gradient are shown. In these figures, the 
velocity and the square of the velocity gradient are given in pairs for the given 
values of radius ratio, R*. The radius ratio, R*, has the values of 0.2; 0.5 and 
0.8. Figure 3.2 presents the profiles of the dimensionless velocity and its gradient 
square as functions of ~, which is the dimensionless radial coordinate. ~ equal O 
corresponds to the core tube wall, while ~ = I is the outei tube wall. The effect of 
the axially moving core, U*, on the velocity distribution, u*, of the Newtonian fluid 
flow within the annular duct is seen clear from these figures. The relative velocity 
is the parameter on the curves. The relative velocity varies in these figures in the 
range of -1 ~ U* ~ 3. 
The curves in the figures compare how the moving core deforms the fluid velocity 
field. For U* < O, the velocity profile is parabolic having a larger maximum value 
with increasing values of R*. The square of velocity gradients are useful for clarifi-
cation of the viscous dissipation effects as will be seen in Eq. (3.28). It is observed 
that the square of velocity gradient has higher values for U* * _ = -1 than for U > o 
near the tube walls (~ = O and ~ = 1). With increasing U', the square of velocity 
gradient at the outer tube wall is decreased, however at the core tube its behavior 
is complicated. With increasing R*, the magnitude of dependence of the square of 
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3.2.2 Non-Newtonian fluid flow 
In this section, a numerical analysis is made for a non-Newtonian fluid flow with 
pressure gradient. The fluid flows in an annular duct consisting of an axially moving 
core and a stationary outer tube. With the assumptions described in Section 2.1.1 
and Section 3.2 regarding the non-Newtonian fluid flow, the governing momentum 
equation is 
1 d dP T dr ~ dz ' 
The boundary conditions are: 
u=Uatr R (3.9) 
u= O at r R 
Shear stress, T, is given by the modifled power-law model [20] . 
d u 
T = ~na dr (3.10) 
where na is the apparent viscosity defined by 
na no ~o Idull~n for n < 1 = / 1 + ~~ I dr I (3.11) 
m I du In-1 
na = no I + no Idrl for n > I (3.12) 
The momentum equation and its boundary conditions are reduced to 
( ; =-1 d du ** r ~a 2 fReM (3.13) ~r* dr dr 
* = U* at r = 
2(1 - R*) 
= O at r = 2(1 - R*) ' 
Where f is the friction factor defined by Eq. (2. 17) and ReM is the modified Reynolds 
number defined as 
ReM - PumDh (3.15) 
n . 
The dimensionless apparent viscosity ~: is defined as 
1+p na 77: = = for n < I (3.16) du* 1-n n 
1+p d r * 
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* na_ n :=: 
a n 
p+ 
d u * 
d r * 
n- 1 
p+1 
for n> 1 (3.17) 
where 
n = 770/(1+p) 
~o (1 + ~ 
p ~("-D~ ~~~ 
~ 
for n< 1 




The modified power-law model and the parameter p have been extensively discussed 
in Ref. [29] . 
For determining the velocity field, the expression for the average velocity defined 
by Eq.(2.5) is used. Equation 2.5 can be written in the dimensionless form as: 
8(1 - R*) ~~~yu*r'dr* = I (3.21) 
f 
(1 + R*) R. 
~~i~7 
The dimensionless velocity, u' , is numerically determined from Eqs. (3. 13) - (3. 14) 
and Eq.(3.21). First, we assume the value of fReM for a given set of parameters: n, p 
and U* to solve Eq.(3. 13) with Eq.(3.14). Then, Eq.(3.21) is checked by substituting 
the obtained velocity distribution, u*, into it. Unless Eq.(3.21) is satisfied within 
the accuracy of 10-5, a new value of fReM is assumed. This process is repeated 
until the correct value of fReM is obtained. 
Computations of the velocity field have been made for a range of values of radius 
ratio, R*, and in general their behaviors were quite similar. Therefore only predic-
tions for R* = 0.5 are discussed in this section. The predictions of friction factor 
in terms of fReM are graphically presented in Fig.3.3 taking the flow index n as a 
parameter. In these figures, the relative velocity of the moving core, U*, is -1, O and 
1. From Fig.3.3, the effect of parameter p on friction factor is seen. The values of 
fReM at the extremes of p -> O and p -> oo approach, respectively, to the values 
for a Newtonian fluid and for power law fluids. It is seen in Fig.3.3 that the values 
of fReM become greater with a decrease in U*. 
For the power-1aw fluids flowing in an annular duct with an axially moving core, 
an analytical solution is available in Ref. [80] . The power-law asymptotic values of 
fReM are tabulated in Appendix (Table 4.1) on page 134. From the data listed in 
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Table 4.1, it is noted that fReM increases with an increase in radius ratio, R*, for 
U* = -2, U* = -1, and U* = O, and fReM decreases with an increase in R* for U' 
= I and U* = 2. 
Figure 3.4 contains the profiles of the dimensionless velocity, u*, as a function of 
the dimensionless radial coordinate, ~. The dimensionless radial coordinate ~ equal 
O corresponds to the core tube wall, while ~ = I is the outer tube wall. The relative 
velocity of the core, U*, varies in the figures in the horizontal direction having values 
-1; O and 1. The fluid flow index, n, has the value of 0.5 in the upper figures and 
the value of I .5 in the lower figures. The dimensionless shear rate parameter, p, is 
the parameter on the curves. It can be observed in the figures that the asymptotic 
velocity profiles of n = 0.5 for p = 105 are identical to the profiles for n = 1.5 for p 
= 10-5 conforming Eqs.(3.16) - (3.17). These asymptotic profiles show Newtonian 
fluid flow behavior. From Fig.3.4, one can see the effects of the moving core on the 
velocity profile of the flow inside the annular duct. 
In Fig.3.5, the predictions for square of velocity gradient of each previous case are 
shown. These would provide the velocity field effects on heat transfer with respect 
to viscous dissipation. Close to the tube walls, the square of velocity gradients are 
higher, specially near the stationary tubes and if the core tube moves to the opposite 
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3.3 Heat Transfer 
3.3.1 Energy equation 
Once the velocity field is solved, the temperature distribution can also be de-
termined. The purpose in this section is to analyze the heat transfer in thermally 
developing flow in a concentric annular duct consisting of an axially moving core 
and a stationary outer tube. The effects of viscous dissipation and fluid axial heat 
conduction are considered along with the core velocity effect on the heat transfer. 
In order to analyze the heat transfer problem of a non-Newtonian fluid that follows 
the modified power-law model, here the steady forced convection in a thermally 
developing, hydrodynamically developed laminar flow is considered. The thermal 
boundary conditions and the coordinate system for the analysis are given in Fig.2.1 
on page 14. However as it was discussed in Section 3.1, this chapter is designated 
for the study of heat transfer in an annular duct consisting of a core tube moving 
at a constant velocity in the streamwise direction and a fixed outer tube. In order 
to acquire more accurate information on the velocity field, the modified power-law 
model [20] was applied and the energy equation is 
[1 a ( aT) a2T du aT ) 
r ar ar az2 a dr Pc u az 
The term containing na' defined by Eq. (3.11) or Eq.(3.12), is the viscous dissi-
pation term. As it is seen, the viscous dissipation term is directly proportional to 
the velocity gradient raised to square power. a2Tlaz2 is the axial heat conduction 
term, the heat conduction from downstream. Including the fluid axial heat conduc-
tion term requires the solution in the region -oo ~ z ~ oo as discussed in Section 
Along with certain additional manipulations related with the fluid flow informa-
tion, the present energy equation Eq.(3.22) can be solved just like that Eq.(2.20) 
in Chapter 2. The energy equation is solved with the Ist and 2nd kinds of thermal 
boundary conditions, which defined by Eqs.(2.2) - (2.3) on page 15. 
3.3.2 Non-dimensional formulation 
In this section, the deflnitions of the dimensionless quantities will be introduced. 
The dimensionless temperatures are defined just as in Chapter 2 and they are given 
by Eqs.(2.30) - (2.31). 
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The calculation of the temperature field is carried out using two dimensionless 
numbers, namely the Peclet (Pe) and Brinkman (~r) numbers. Their definitions 
are different than that in Chapter 2 due to the different fluid flow information. The 
Peclet number, which is the ratio of the heat transport by convection and the heat 
transport by conduction, is 
Pe - pcpumDh = ReM PrM (3.23) 
~ k 
k 
The modified Reynolds number, ReM, is given by Eq.(3.15). The Brinkman num-
ber, which is the ratio of the heat production by viscous dissipation and the heat 
transport by conduction, is defined as 
nu2~ 
Br(1) = k [Ti - e] 
~r(2) ~~3 nu~ (3.26) 
Dhqi 
Firom the analysis, it is obvious that the effect of viscous dissipation is quantitatively 
significant if the Brinkman number is of appreciable magnitude. The Brinkman 
number clearly depends on fluid properties as well as on the flow conditions and 
k T(1) T or q' [ i ~ e] "
The axial coordinate is nondimensionlized as 
z 
z' - peDh (3.27) 
By employing the relevant definitions for the dimensionless quantities, the di-
mensionless energy equation and boundary conditions are given as: 
1 a (r aare') I a2e (du ) 
+~r n* dr (3.28) u az r ar Pe2 az 
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9 = efd 
* R* at r - 2(1 - R*) O < z~ 
* 1 at r - 2(1 - R') O < z~ 
* R* at r - 2(1 -R*) z~ ~ o 
* 1 at r - 2(1 - R*) zt ~ o 
at < r* < -0.5 2(1 -R*) - - 2(1 - R*) zt = 
at < r* < = 0.5 2(1 - R*) - - 2(1 - R*) zt 
(3.35) 
The transformed energy equation Eq. (3.31) , which is an elliptic, non-homogeneous 
differential equation, is solved numerically by a flnite difference procedure. Further 
detail of the calculation method is available in Section 2.4. 
3.3.5 Solutions for z -> Oo 
As stated in Section 2.4, the temperature distribution at infinitely large axial 
location (z' -> oo) is necessary. For very large axial coordinate, fully developed 
temperature profiles are approached. At this stage the attention is restricted to 
the fully developed flows under the Ist kind and 2nd kind of thermal boundary 
conditions . 
One of the characteristic features of laminar heat transfer in ducts of constant 
cross section is, that, as fully developed velocity and temperature profiles are ap-
proached, the Nusselt number converges to a constant value [82]. In the following 
two subsections, the Nusselt numbers are shown as functions of the dimensionless 
shear rate parameter, p, for the Ist kind and 2nd kind of thermal boundary condi-
tions respectively. 
The temperature fields in the fully developed region were calculated from Eq. (2.49) 
and Eq.(2.58) with some manipulations related with the fluid flow information. Ob-
viously the velocity fields obtained in Section 3.2 have been applied into Eq.(2.49) 
and Eq.(2.58). Also it should be noted that, the definitions of Brinkman number 
and dimensionless apparent viscosity are given by Eqs. (3.25) - (3.26) and Eqs.(3.16) 
- (3.17). By applying the calculated results for the temperature field, the Nusselt 
numbers were obtained from Eqs.(2.44) - (2.46). 
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The Ist kind of T.B.C solutions for z ~> oo 
In Figs.3.6 - 3.8, the results are illustrated for an annular duct of the radius ratio, 
R* equal 0.5. Figure 3.6 shows the radial temperature profiles for pseudoplastic n (
-05 p- ) - . , - I , Newtonian (n =: 1) and dilatant n := 1.5, p == 1) fluids. Figure ( 
3.7 shows the Nusselt number at the core tube wall, Nui defined by Eq 2 44) as a .( . , 
function of the dimensionless shear rate parameter p. Figure 3.8 is for the Nusselt 
number at the outer tube wall Nuo' defined by Eq 2 45) In Figs 3 7 - 3 8 the , .( . . . . . , 
upper plots are for n ~ I and the lower plots are for n Z I . The relative velocity of 
the core, U*, varies in the figures in the horizontal direction having the values - I , O 
and I . The parameter in these figures are the Brinkman number having the values 
O; 0.1 and 0.5. With an increase in the Brinkman number, the Nusselt number at 
the core tube decreases while Nuo increases. 
U* :::: -1 = U* := O U* := 1 
Br-0'1 ----- Br*0'1 ---- Br=0.1 ----Br* 0'5 ""' Br- 0'5 ""' Br* 0'5 ""' 
a)* ¥ ~~""""" :¥+ ' ~:'･･･････... ,~ go~;qJj 0'6 :¥¥ """' o'6 0'6 
~~ ¥:'... ' '¥:"'t". " ~:"･･･. . ~ _g) 0'4 R' = 0.5 :¥. " 0'4 R' = 0.5 0'4 R* = 0.5 .*...'. n = 0.5 n = 0.5 n = 0.5 ~~~:'* ¥. ""' ":¥' " 0'2 p=/ * 0'2 p=1 0'2 p=1 +¥* ~~~~. rf = -1 ~ U' = o "". U' = l 
0'2 0'4 0'6 0'8 0.2 0'4 0'6 0'8 0'2 0'4 0'6 0'8 radial ioca tion, ~ radial iocation. ~ radial ioca tion, ~ 





_a' 0'6 't¥¥¥.. 0'6 -_~. 0.6 +¥. 0'4 R' = 0.5 R' = 0.5 R' = 0.5 
0'2 "¥+ ~ 0'2 . 0'2 U' = -1 U* = o U' = I 
0'2 0'4 0'6 0'8 0'2 0'4 0.6 0'8 0'2 0'4 0'6 o'B radial ioca tion. ~ radial iocation. ~ radial ioca tion, ~ 
R* = 0.5 R* = 0.5 Br= 0'1 ----- Br- 0'1 ---- Br= 0'1 -----
i n = 1.5 
~Q'~ 1'8 ~ p= 1 1'8 1'8 ,3 ~!B ~ ; U* = -1 
q) i ~:~L 1.2 * . 1'2 .*" 1'2 ~g) 
0'2 0'4 0'6 0'8 0'2 0'4 0'6 0.8 0'2 0'4 0.6 o'8 radial ioca tion, ~ radial ioca tion, ~ radial ioca tion, ~ 
Fig. 3.6: Temperature profiles for different fluids 
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Fig. 3.7: Nusselt number at the inner tube vs p (U = * -1-, O; 1) 
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Fig. 3.8: Nusselt number at the outer tube vs p (U' = -1-, O; 1) 
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The 2nd kind of T.B.C solutions for z HF oo 
In Fig.3.9, the solutions are illustrated for an annular duct of the radius ratio, 
R* = 0.5. The Nusselt number at the core wall, Nui defined by Eq 2 46) is shown .( . ,
in the figure as a function of the dimensionless shear rate parameter p. The relative 
velocity of the core, U*, varies in the figures in the vertical direction having the 
values -1, O and I . The parameter in these figures are the Brinkman number having 
the values O; 0.01 and 0.05. The Nusselt number decreases with an increase in JBr 
for U* := -1 and U* := O, but increases for U* = 1. The power-law asymptotic values 
of Nu are tabulated in Appendix Table 4.2). ( 
U* := -1 
6 
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3.4 Results and Discussions of the Ist Kind of 
T.B.C 
By applying the velocity field in a concentric annular duct consisting of a fixed 
outer tube and a core tube moving in the stream-wise direction, which was obtained 
in Section 3.2, the temperature field of the thermally developing flow has been 
solved numerically. The temperature field under the Ist kind of thermal boundary 
condition has been obtained by solving the transformed energy equation, Eq.(3.31), 
with Eq.(3.34). 
The objective herein is to display the results and to provide explanations for 
the solutions. The results are presented in the form of graphs and compared to the 
available data by other authors. Another objective is to compare the results with the 
predictions of the results for the stationary annular duct counterpart to show how 
the effects of viscous dissipation and fluid axial heat ddndu~tion will be changed with 
the core velocity. Thus, the attention is paid how the roles of viscous dissipation 
and fluid axial heat conduction in heat transfer depend on the core movement. 
In order to bring out the effect of the moving core velocity on heat transfer with 
the viscous dissipation and the fluid axial heat conduction, the values of temperature 
distributions and the Nusselt numbers at the tube walls are plotted. 
The effects of the moving core velocity, U*, Peclet number, a nondimensional pa-
rameter representing the effects of axial heat conduction within the flow, Brinkman 
number, a nondimensional parameter representing the effects of viscous dissipation, 
radius ratio, R*, flow index, n, shear rate parameter, p, on temperature distribution 
and Nusselt numbers are investigated in this theoretical study. 
The notation U', which is dimensionless core velocity defined by Eq.(3.7), is 
used throughout the discussion to describe the core velocity effect. The figures are 
given in pairs, in order to illustrate the similarities and dissimilarities between the 
stationary tubes' case (U* = O) and the moving core's case (U* =1). The flgures on 
the left are for U* = O, while the flgures on the right are for U* = 1. 
The relative importance of the fluid axial heat conduction is established by the 
magnitude of the Peclet number, Pe defined by Eq.(3.23) . From the energy equation 
Eq.(3.28), it is seen for large values of Pe number the axial heat conduction within 
the fluid is relatively unimportant. On the other hand, for a flow at a low Peclet 
number, fluid axial heat conduction is more important. 
The relative importance of viscous dissipation is quantified by the Brinkman 
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number, Br defined by Eq. (3.25). From the energy equation Eq. (3.28), it is seen the 
heating due to viscous dissipation will be the greatest where the velocity gradient is 
the highest. Therefore the results displaying the temperature field under the viscous 
dissipation will be explained with respect to the velocity gradients (See Figs. 3.2 
and 3.5). 
The results are illustrated for the flows of Newtonian (n = 1), pseudoplastic (n 
= 0.5 and p =1) and dilatant (n = 1.5 and p = 1) fluids. The values of the radius 
ratio, R*, are 0.2, 0.5 and 0.8. 
In the following sections, the heat transfer results such as the temperature dis-
tribution of the flow and the Nusselt number at the tube walls are given. 
3.5 Temperature Distributions Of the Ist Kind Of 
T.B.C 
The temperature field in an annular duct can be plotted from the results of 
the numerical calculation for the heat transfer. The dimensionless temperature, 
e, shown in the following figures is defined by Eq.(2.30). Then the entering fluid 
temperature at z* -> -oo is O. The core tube wall is maintained at e = I for z* > o, 
but for z' ~ o the core tube temperature is O. The outer wall is kept at the entering 
fluid temperature or its temperature is O. 
In the following figures, ~ = O corresponds to the core tube wall and ~ = I is the 
outer tube wall and the temperature profiles are illustrated at three different axial 
locations z* = O; z* = 2.4 x 10-2 and z* = 1. 
Figures 3.10 - 3.12 contain the radial temperature distributions for large Peclet 
number values and these plots suggest how the viscous dissipation affects the devel-
oping temperature profiles. 
Figures 3.13 - 3.15 show the radial temperature distributions for negligible vis-
cous dissipation (Br = O) and these plots suggest how the fluid axial heat conduction 
affects the developing temperature profiles. 
Figure 3. 16 contains the radial temperature distributions of, respectively, a New-
tonian fluid, a pseudoplastic fluid and a dilatant fluid. 
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3.5.1 Effect of Br on the temperature distributions 
In Figs.3.10 - 3.12, the attention is focused on the viscous dissipation effect on 
the temperature distribution. Therefore the predictions are presented for the case of 
negligible fluid axial heat conduction (Pe -> oo). As stated previously, these results 
are given for the annular duct of radius ratio, R' equal 0.5. The temperature profiles 
of the different fluids, the Newtonian fluid in Fig.3.10; the pseudoplastic fluid in 
Fig.3.11 and the dilatant in Fig.3.12, bear similar shapes with only difference being 
quantitative. 
In these figures illustrating the temperature field inside the annular duct , the 
Brinkman number value varies vertically having the values O and 0.1. For larger 
values of Br, it can be seen that the dimensionless temperature of the fluid at 
z' ~ o deviates significantly from zero. Since the tube wall temperatures of the 
region z ~ o are set at the same level as the inlet temperature ee = O, the increase 
of the temperature in this region is due to the viscous dissipation (in this case of 
Pe -> oo). 
The other relevant parameters are the core velocity, U'. As throughout in this 
section, the plots in the left side are for the stationary core case or for U' = O and 
the right hand side ones are for the moving core case of U' = 1. The temperature 
rise resulting from the viscous dissipation is seen less for U' = I than for U' = O. 
Some more information on the effect of Br on the temperature profile may be 
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3.5.2 Effect of Pe on the temperature distributions 
Figures 3.13 - 3.15 show the effect of fluid axial heat conduction on the heat 
transfer in terms of the Peclet number, Pe. These figures display the temperature 
profiles across the annular duct cross section. 
These figures illustrating e correspond to the flows of Newtonian (n = 1) , pseudo-
plastic (n = 0.5 and p = 1) and dilatant (n = 1.5 and p = l) fluids, respectively. The 
plots in each figure are the temperature profiles under the same conditions except 
for a change in the axial heat conduction term and the core velocity value. These 
temperature profiles of the different fluids bear similar shapes with only difference 
being quantitative. 
The upper two plots correspond to the negligible fluid axial heat conduction 
case or Pe -> oo. The lower ones show the temperature distributions when Pe 
= 10. If the upper plots are compared with the lower ones, the fluid axial heat 
conduction effect on the temperature distribution can be observed. As the fluid 
flows, its temperature rises due to the heat input from the wall and from the fluid 
axial heat conduction. These results display the expected temperature increase 
due to the fluid axial heat conduction specially in the region of z ~ o, where the 
dimensionless temperature e is O at the walls i.e ~ = O and ~ = 1. The location z' 
= O represents the location of the sudden change in the wall temperature. Since the 
tubes' wall temperatures of the region z ~ O are set at the same level as the inlet 
temperature Oe = O, the increase of the temperature in this region is due to the fluid 
axial heat conduction. It can be observed that the fluid temperature increases in 
z ~ O or before the fluid reaches the heated part of the core. 
By comparing the pairs of plots in a row, one can observe the core velocity effect 
on the developing temperature distribution. By comparing the curves in the plots 
for U' = I with the ones for U' = O, only a slight difference in the radial temperature 
proflle is observed in the heated wall region (z' > o) and in the unheated wall region 
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3 5 3 EffeCt Of n on the temperature diStributiOnS 
The solutions presented in Fig.3.16 display the effects of n on the temperature 
distributions. The flow index, n, varies in the figures in a vertical direction having 
the values of 1, 0.5 and 1.5. The Brinkman number is 0.1 and the Peclet number is 
10. By comparing the pairs, it is seen the increase due to the contribution of viscous 
dissipation and fluid axial heat conduction is greater for the case of the stationary 
core (¥U* = O). 
More information on the effect of n on the temperature profile can be found in 
Section 2.10.3. 
Case Br = 0.1 and Pe = 10 
O U :=1 
Newtonian fluid 
o. B ' 
c:o 0.6 o':: 0.6 '-'~5~~_~ 0.4 ?~~ -'1ie.~ 0.4 
c~~~~ 0.2 f==~~ ~~'-~-,l-o~-~' ~ ?"'~ Qc~~~ 0.2 *l -l ~ ..*~*.i..* .*.. ~ ""?'-~o 4:~ !~. --*-----
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._*_o_ 0.6 ._**o_ 0.6 
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Fig. 3.16: Developing temperature profiles for the different fluids, JBr = 0.1 and Pe 
10 (U O and 1) 
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3.6 Nusselt Numbers fOr the Ist Kind Of T.B.C 
The Nusselt nurnbers resulting from the calculations are shown in Figs.3.17 -
3.21. The definition of the Nusselt numbers are given by Eqs.(2.44) - (2.45). The 
variation of the Nusselt numbers was investigated from the viewpoint of the effects 
of viscous dissipation and fluid axial heat conduction. The effects of the Brinkman 
number and the Peclet number on the axial distribution of the local Nusselt number 
are examined in light of the development of the temperature profiles. Figures 3.17 -
3.19 illustrate the local Nusselt numbers for the different fluids such the Newtonian 
(n = 1), the pseudoplastic (n = 0.5 and p = 1) and the dilatant fluid (n = 1.5 and 
p = 1). 
Also included in these figures is the effect of the core velocity, U'. Special cases 
with negligible viscous dissipation and fluid axial heat conduction are given so that 
the comparisor~ with that of Shah and London [2] for U' = O and by Shigechi and 
Araki [27] for U' = I can be made. The agreement between the present solutions 
with the solutions in Refs.[2] and [27] appears to be excellent. 
3.6.1 Effect of ~r on the Nusselt numbers 
From Figs.3.17 - 3.19, it is seen that for U* = O the Nusselt number at the core 
tube decreases with an increase in the Brinkman number in the fully developed 
region, whereas for U' = I if the fluid is Newtonian or pseudoplastic the Nusselt 
curves at the core are identical. 
For a specified axial position, Nusselt nuntber at the moving core (U' = 1) is 
larger than the corresponding Nusselt number at the fixed core (U' = O) with the 
given Brinkman number and the Peclet number. 
For the stationary core case (U' = O), the viscous dissipation has a strong effect 
on the local heat transfer rate in the fully developed region. But this effect weakens 
if the core moves in the direction as the fluid flows. 
In the thermal entrance region, viscous dissipation effect (Br ~ O) is strong on 
the Nusselt number at the outer tube. But Nu curves at the core tube are almost 
identical in the thermally developing region for different values of ~r for the equal 
Peclet . 
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Fig. 3.17: Nu variations for a Newtonian fluid with different 
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Pseudoplastic fluid 
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Fig. 3.18: Nu variations for a pseudoplastic fluid with different degrees of viscous 
dissipation and fluid axial heat conduction (U' = O ~nd U' = 1) 
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Dilatant fluid 
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Fig. 3.19: Nu variations for a dilatant fluid with different degrees of viscous dissi-
pation and fluid axial heat conduction (U' = O and U' = 1) 
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3.6.2 Effect of Pe on the Nusselt numbers 
From Figs.3.17 - 3.19, the following observations about the effect of Pe number 
on Nu at the tube walls can be made. 
For a given axial position, the Nusselt number at the moving core (U' = 1) 
is larger than the corresponding Nusselt number at the fixed core (U' = O) for a 
specified Peclet number. 
The effect of fluid axial heat conduction (Pe = 10) accounts for a Nu value 
increase at the core wall in the thermal entrance region. 
3.6.3 Effect of n on the Nusselt numbers 
The heat transfer results show quite similar behaviors for different fluids in 
Figs.3.17 - 3.19. For the non-Newtonian fluids, the Nusselt number increases with 
decreasing 'a Peclet number at a given value of z' in the thermal entrance region 
just as it does for the Newionian fluid. 
When the viscous dissipation is included in the study, the Nusselt numbers Nui, 
for heat transfer to the Newtonian fluid are higher than those to the dilatant fluid 
but less than those to the pseudoplastic fluid. However, in the fully developed region 
this effect of n diminishes if U* is 1. 
The response of the Newtonian fluid to viscous heating is more pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
3.6.4 Effect of R* on the Nusselt numbers 
In order to study the radius ratio effects, the heat transfer results are shown in 
Figs.3.20 - 3.21. The general behavior was quite similar for different fluids. Therefore 
as an example, the calculation results for a pseudoplastic fluid are shown for Pe -> 
oo and Pe = 10. 
In the sequence of plots in Figs.3.20 - 3.21, the effect of the major parameters 
of the problem on the Nusselt number is presented. In this section, the attention is 
focused on the radius ratio. 
From these Nusselt curves it can be observed that, for a specified axial position 
the Nusselt number at the moving core (U* = 1) is larger than the corresponding 
Nusselt number at the fixed core (U* = O) with the given Brinkman number and 










































































































































































































































































CHAPTER 3. ANNULAR DUCT WITH AN AXIALLY MOVING CORE 
3.7 Results and DisCussiOnS Of the 2nd Kind Of 
T.B.C 
The ternperature field under the 2nd kind of thermal boundary condition has 
been obtained by solving the transformed energy equation, Eq. (3.31) , with Eq. (3.35) . 
The objective herein is to display the results and to provide explanations for 
the solutions. The results are presented in the form of graphs and compared to the 
available data by other authors. The discussions will be given in the same way as 
done for the Ist kind of thermal boundary condition (see Section 3.4). 
3.8 Temperature DistributiOnS Of the 2nd Kind Of 
T.B.C 
The dimensionless temperature, e, shown in the following figures is defined by 
Eq.(2.31). Then the entering fluid temperature at z' -> -oo is O. The core tube 
wall is heated constantly for z' > o, whereas for z' ~ O the core tube is insulated. 
The outer tube wall is insulated. At z' = O, there is a step change in the wall heat 
flux at the core tube. 
In the following figures, ~ = O corresponds to the core tube wall and ~ = I is 
the outer tube wall. The temperature proflles are illustrated at four different axial 
locations z* = O; z* = 1.04 x 10-1; z* = 4.2 x 10-1 and z* = 1. 
The temperature profiles of a thermally developing flow in an annular duct of 
radius ratio, R' = 0.5 are displayed in Figs.3.22 - 3.24. The considered fluids are 
Newtonian (n = 1), pseudoplastic (n = 0.5 and p = 1) and dilatant (n = 1.5 and p 
= 1). These figures contain the plots of e vs ~ for two values Peclet numbers. The 
solid and dashed lines in these figures stand for the results for negligible (Pe -> oo) 
and considerable (Pe '= 10) fluid axial heat conduction cases, respectively. The 
upper plots are for ~r = O and the lower ones are for Br = 0.1. These results show 
the combined effects of viscous dissipation and fluid axial heat conduction on the 
developing temperature profiles with regard to the relative velocity, U'. 
3.8.1 Effect of JBr on the temperature distributions 
The upper plots in Figs.3.22 - 3.24 refer to the case of negligible viscous dissi-

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































CHAPTER 3. ANNULAR DUCT WITH AN AXIALLY MOVING CORE 
temperature is seen to be sufliciently large for JBr = O. 1, before it reaches the heated 
wall region, specially for U' = O. This increase is due to the heat generated by 
viscous dissipation and the heat conducted upstream into the adiabatic wall region. 
That was not the case for Pe -> oo and Br = O as demonstrated in these plots. 
From the developing temperature proflles it is seen that for the 2nd kind of 
boundary condition, the wall-to-fluid temperature difference is small, whereas the 
effect of viscous dissipation on heat transfer is more significant. It is also seen that 
if the channel i~ infinitely long, there may be generated a significant amount of heat 
due to viscous shear heating. Thus the value of the fluid temperature increases 
sufliciently. In these plots, it is clear that the effect of viscous dissipation weakens 
at U* = 1. 
3.8.2 Effect of Pe on the temperature distributions 
The effect of fluid axial heat conduction on the fluid temperature is seen as 
the difference between the dashed and the solid lines in Figs.3.22 - 3.24. These 
plots demonstrate the fluid axial heat conduction effect as, for Pe = 10 the fluid 
temperature increases before the fluid enters into the heated wall region. However, 
no appreciable difference is observed in extending the core velocity value from O to 
1 when only the fluid axial heat conduction is considered. 
3.8.3 Effect of n on the temperature distributions 
By comparing the temperature proflles in Figs.3.22 - 3.24, the influence of the 
flow index on the radial temperature profiles can be discerned. For all the fluids, 
the fluid axial heat conduction raises the temperature of the fluid. The flow index 
effect on heat transfer with fluid axial heat conduction is seen as insignificant unlike 
the viscous dissipation included heat transfer. This behavior is the same as in the 
Ist kind of boundary condition. 
The response of the Newtonian fluid to viscous heating is more pronounced 
than that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
The temperature profiles of the different fluids bear similar shapes with the only 
difference being quantitative. 
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3.9 Nusselt Numbers fOr the 2nd Kind Of T.B.C 
Figure 3.25 presents the calculation results for Nu, defined with respect to the 
temperature difference of bulk to wall temperature (see Eq.(2.46)) for the different 
fluids such the Newtonian (n = 1), the pseudoplastic (n = 0.5 and p = 1) and 
the dilatant fluid (n = 1.5 and p = 1). The variation of the Nusselt number was 
studied in regard to the combined effects of viscous dissipation and fluid axial heat 
conduction (Pe = oo; 10 and Br = 0.01; 0.05; 0.1). These curves clearly exhibit 
the trend of Nu in the thermal entrance region by comparing them with the relative 
velocity, U*. The circles show the results from Ref. [2] and Ref. [27] for a Newtonian 
fluid when ~r = O and Pe -~ oo. The solid diamonds are the results by Hsu [13] 
who studied the laminar heat transfer by including the fluid axial heat conduction 
for a Newtonian fluid by neglecting the viscous dissipation. It is seen even at small 
values of z*, the agreement is excellent. 
3.9.1 Effect of Br on the Nusselt numbers 
From Fig.3.25 it is seen that Br has a strong effect on Nu in both thermally 
developing and developed regions. 
For U* = O, the Nusselt number at the core decreases with an increase in 
Brinkman number in the fully developed region. For U* = I these are opposite. 
3.9.2 Effect of Pe on the Nusselt numbers 
The effect of axial fluid heat conduction is considerable for small values of Pe. 
Unlike the case of the Ist kind of thermal boundary condition, Nusselt number at 
the heated core tube decreases with a decrease in Peclet number in the thermal 
entrance region. 
It is also seen that the local Nusselt number remains almost constant throughout 
the thermal entrance region if Pe is small. The same trend is observed for Newtonian 
and non-Newtonian fluids. 
For a specified axial position with a given Peclet number, the Nusselt number at 
the core tube wall is larger for U* = I than for U* = O. 
Nu tends to decrease near z* = O as Pe reduces. It can also be noted that, for 
a fixed value of z*, Nu at the moving core is larger than the corresponding Nu at 
the stationary core. 
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Fig. 3.25: Nu variations for different fluids with different degrees of viscous dissipa-
tion and fluid axial heat conduction (U' = O and U' = 1) 
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3.9.3 Effect of n on the Nusselt numbers 
The heat transfer results show quite similar behaviors for different fluids as shown 
in Fig.3.25. For the non-Newtonian fluids, the Nusselt number remains almost 
constant throughout the thermal entrance region if Pe is small. The same trend is 
observed for Newionian and non-Newtonian fluids. 
When U' = O, if the viscous dissipation is included in the study, the Nusselt 
numbers for heat transfer to the Newtonian fluid are higher than those to the dilatant 
fluid but less than those to the pseudoplastic fluid. However, when U' = I the 
Nusselt number for the dilatant fluid show higher values if the viscous dissipation is 
included in the study. 
The response of the Newtonian fluid to viscous heating is more pronounced than 
that of the pseudoplastic fluid but less remarkable than the dilatant fluid. 
3.9.4 Effect of R* on the Nusselt numbers 
In order to show the radius ratio effects, the heat transfer results are given in 
Fig.3.26 for Pe -> oo and Pe = 10. The general behavior is quite similar for different 
values of Pe and the results show that the radius ratio R' = 0.2 is superior to R' 
= 0.5 and R' = 0.8 from the view point of heat transfer at the core under the same 
conditions. Also shown in Fig.3.26 is that the decrease of Nusselt number tends to 
slightly change with R* if R* approaches I . 
In the plots of Fig.3.26, the effect of the major governing parameters of the 
problem on the Nusselt number may be observed. From these Nusselt curves it can 
be observed that, for a specifled axial position the Nusselt number at the moving 
core (U' = 1) is larger than the corresponding Nusselt number at the fixed core (U' 
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3.10 COncluding Remarks 
The heat transfer to a laminar flow has been investigated for an annular duct 
consisting of an axially moving core and a stationary outer tube. In the study both 
the viscous dissipation and the fluid axial heat conduction were included. The ducts 
are considered to be under a step jump in the wall temperature or in the wall heat 
flux. The obtained numerical solutions were compared with the available data by 
the previous researchers and the agreement was excellent. 
The numerical results are given graphically in terms of the temperature distribu-
tions and the conventional Nusselt number showing the effects of the core velocity, 
the Brinkman number and the Peclet number. 
For the Ist kind of thermal boundary condition, for a specified axial position 
with a given Peclet number and a Brinkman number, the Nusselt number at the 
core tube wall is larger for U* = I than for U* = O. For U* = O the Nusselt number 
at the core tube decreases with an increase in the Brinkman number in the fully 
developed region, whereas for U* = I the Nusselt curves at the core are almost 
identical for different Brinkman number values. 
For the 2nd kind of thermal boundary condition, at a specifled axial position 
with a given Peclet number, the Nusselt number at the core tube wall is larger for 
U* = I than for U* = O. For U* = O, the Nusselt number at the core decreases 
with an increase in the Brinkman number in the fully developed region. For U' = 1 
these are opposite. As the calculations show, the core velocity direction is essential 




This thesis has dealt with the theoretical study of the hydrodynamically fully 
developed but thermally developing laminar flow in annular ducts. As a part of 
the present research a comprehensive literature survey on heat transfer for laminar 
duct flows has been compiled. The survey revealed that such analysis are mostly 
concerned the heat transfer by neglecting the viscous dissipation and the fluid axial 
heat conduction. The present study made a step toward solving the heat transfer 
problem without making a simplifying assumption of negligible viscous dissipation 
and/or fluid axial heat conduction. 
A finite-difference program has been developed that is capable of solving flow 
and heat transfer of Newtonian and non-Newtonian fluids in annular ducts under 
a variety of thermal boundary conditions. In this thesis it has been used to solve 
@ the heat transfer problem for T , Ist kind and 2nd kind of thermal boundary 
conditions . 
The research has yielded some new results that lead to a better understanding 
of the flow and heat transfer characteristics in annular ducts. The results have been 
illustrated in the form of friction factor, dimensionless temperature distribution and 
conventional Nusselt number. The study has been carried out for stationary annular 
ducts and for annular ducts with an axially moving core. 
It was found that, for stationary annular ducts: in the case of the /~~¥~/T thermal 
boundary condition, there is a fixed point on the plot of Nu curves. This fixed point 
appears because of the inclusion of the viscous dissipation of the incoming flow at 
the unheated wall region. The asymptotic Nusselt numbers in the fully developed 
region decrease as the flow index increases. The Nusselt numbers for heat transfer 
to a Newtonian fluid are higher than those to dilatant fluids but less than those to 
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pseudoplastic fluids. In the case of the Ist kind of thermal boundary condition, the 
effect of fluid axial heat conduction on heat transfer rate is strong in the thermal 
entrance region. Including the fluid axial heat conduction and viscous dissipation 
causes a higher Nusselt number at the outer cylinder wall (which is maintained 
at a constant temperature value equal to the entering fluid temperature). For the 
IF~I~)/T and Ist kind of thermal boundary conditions, the Nusselt number at the inner 
core wall is greater for small radius ratios and that the Nusselt number at the outer 
cylinder wall is greater for large radius ratios. In the case of the 2nd kind of thermal 
boundary condition, the Nusselt number at the heated core tube decreases with 
a decrease in Peclet number in the thermal entrance region. As the radius ratio 
value decreases the Nusselt number at the core tube wall increases. Br has a strong 
effect on Nu in both thermally developing and developed regions. It was found for 
each considered thermal boundary condition, the response of the Newtonian fluid 
to viscotis heating is inore pronounced than that of the pseudoplastic fluid but less 
remarkable than the dilatant fluid. 
The effect of an axially moving core velocity on heat transfer has been analyzed 
and the results are: for the Ist kind of thermal boundary condition, for a specified 
axial position the Nusselt number at the moving core (U' = 1) is larger than the 
correspqnding Nusselt number at the fixed core (U' = O) with the given Brinkman 
number and Peclet number. Also it was shown that the viscous dissipation effect 
weakens if the core moves in the direction of the flow. For the 2nd kind of thermal 
boundary condition, unlike the case of the stationary core, the Nusselt number at 
the core increases with an increase in the Brinkman number in the fully developed 
region. An additional observation from the results is that the effect of viscous 
dissipation on the heat transfer becomes more important as the core moves to the 
opposite direction of the flow. These effects hold true over all the range of the core 
velocity investigated. 
Solutions obtained in this thesis may serve as a reliable reference to check the 
techniques developed for the treatment of more complicated problems associated 
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specific heat at constant pressure 
hydraulic diameter = 2(Ro ~ Ri) for annular ducts, or 
= 2L for parallel-plates ducts, or = 2R for circular ducts 
constant of the axial transformation in Eq.(2.64) 
friction factor 






Peclet number = RePr, or = ReMPrM 
Prandtl number = cpll/k 
modified Prandtl number = cpn'lk 
wall heat flux 
radial coordinate 
dimensionless radial coordinate = rlDh 
radius 
radius ratio = Ri/R* 
Reynolds number = pumDh/v 
modified Reynolds number = pumDh/~' 
temperature 
axial velocity of the flow 
average velocity of the flow 
dimensionless velocity = u/u 
m 
axial velocity of the moving core 
dimensionless relative velocity of the core 
= U/um 
dimensionless parameter in Eq.(2.57) 
axial coordinate 
dimensionless axial coordinate = z/(PeDh) 
transformed axial coordinate 
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[k J/(kg . K)] 
[m] 
[W/(m2 .K)] 
[W/(m ' K)] 












p : dimensionless shear rate parameter 
: reference viscosity based on Dh n 
: apparent viscosity na 
: dimensionless apparent viscosity = naln n: 
: viscosity at zero shear rate no 
: dynamic viscosity ll 
v : kinematic viscosity = Itlp 
p : density 
T : shear stress 
e : dimensionless temperature 
~ : dimensionless radial coordinate 
= [2(1 - R*)r* - R*]/(1 - R*) 








b : bulk 
e : entrance or inlet 
fd : fully developed 
: inner tube 
o : outer tube 
Abbreviation words 
PL power- Iaw 
T.B.C. thermal boundary condition 
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一2
　＼
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0．2 3，970 4，871 5，955 7，255 8，810 10，667 12，882 15，513 18．628一 22，306 26，639
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2 0．5 1，995 2，446 2，987 3，635 4，410 5，333 6，436 7，747 9，305 11，154 13，346
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2: Nusselt number at the 
kind of T.B.C 
core tube for fully developed fl ow of PL fluids f or 
U =:-1 * 
Flow index, n 
R* ~r 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 




0.01 present work 7.446 7. 178 6.885 6.566 6.215 5.828 5.415 4.97 4.503 4.025 3.546 
0,05 present work 5.707 5. 146 4.582 4.025 3.488 2.982 2.516 2.099 1.731 1.415 1.147 
0.1 present work 4.417 3.802 3.231 2.713 2.252 1.852 1.508 1.219 0.979 0.782 0.622 




0.01 present work 5.128 4.942 4.752 4.554 4.34 4.106 3.853 3.578 3.283 2.974 2.655 
0,05 present work 4.09 3.732 3.37 3.005 2.645 2.296 1.965 1.659 1.384 1.141 0.932 
0.1 present work 3.265 2.858 2.471 2.109 l . 777 1.48 1.219 0.994 0.803 0.645 0.514 




0.01 present work 4.433 4.266 4.102 3.933 3.753 3+557 3.345 3.114 2.865 2.601 2.329 
0.05 present work 3.575 3.267 2.957 2.646 2.337 2.035 . 1 . 747 1 .479 1 . 236 1.02 0.834 
0.1 present work 2 . 878 2.527 2.193 1.878 1.588 1 . 326 1.094 0.893 o . 723 0.58 0.462 
U =0 * 
F Iow index, n 
R* ~r 
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 
present work 8.602 8.581 8.558 8.535 8.513 8.485 8 . 473 8.454 8.437 8 . 422 8. 40 7 
o 
[20] 8.618 8.598 8.576 8.553 8.531 8.509 8 . 49 8.471 8.455 8.439 8 .424 
0.2 
0.01 present work 8.446 8 . 374 8.291 8.194 8,084 7.951 7.81 7.64 7. 445 7.22 6. 963 
0.05 present work 7.875 7.639 7.370 7,066 6 . 728 6.353 5.949 5.516 5.063 4.596 4. 126 
0.1 present work 7.262 6.884 6.472 6.029 5.561 5.078 4.584 4.094 3.616 3.16 2. 734 
present work 6.286 6.259 6.236 6.215 6.196 6.177 6. 165 6.152 6.139 6.128 6. 119 
o 
[20] 6.293 6.266 6.242 6.22 6.202 6.185 6.17 6.156 6. 144 6.134 6. 1 24 
0.5 
0.01 present work 6.189 6.138 6,085 6.028 5.966 5.895 5.819 5 . 73 5.627 5.508 5. 371 
0,05 present work 5.829 5.696 5.548 5.382 5.196 4.986 4. 754 4.498 4.219 3.921 3. 608 
0.1 present work 5.433 5.226 4.997 4.746 4.473 4.18 3.868 3.545 3.214 2.883 2. 558 
present work 5.683 5 . 654 5.63 5.61 5.593 5.576 5.565 5.554 5.544 5.535 5. 527 
o 
[20] 5.689 5.659 5.634 5.613 5.596 5.581 5.568 5.556 5.546 5.536 5. 528 
0.8 
0.01 present work 5.599 5.551 5.504 5.456 5 . 404 5 . 346 5.285 5.214 5.131 5.036 4. 927 
0.05 present work 5.286 5 . 1 74 5.051 4.915 4.763 4.591 4.4 4. 188 3.955 3 . 703 3 .435 




U =1 * 
i 
Flow index, n 
R* ~r 
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 
present work 9.217 9.281 9.332 9.375 9.409 9.432 9.463 9.484 9.502 9.518 9.532 
o 
[26] 9 . 447 
0.2 
0.01 present work 9 . 45 9.559 9.664 9.771 9.884 10 10.15 10.31 10.5 10.73 11.01 
0.05 present work 10.51 10.86 11.27 11*76 12.38 13.18 14.28 15.82 18.13 21.9 29.1 
0.1 present work 12.23 13.09 14.21 15.78 18.11 21.89 29. 12 47.7 196.3 -72.66 -27.64 




0.01 present work 7.413 7.511 7.601 7.686 7.77 7.853 7. 946 8 , 044 8.153 8.276 8.419 
0,05 present work 7.954 8.168 8.399 8.66 8.966 9.328 9.785 10.36 11.12 12.14 13.62 
0.1 present work 8.753 9.17 9.669 10.29 11.1 12.19 13.77 16.19 20.38 29.22 59.61 




0.01 present work 7,057 7,158 7.25 7.336 7.418 7.496 7.58 7.666 7.757 7.857 7.969 
' o! 05 pres~nt work 7.474 7.662 7.859 8.071 8.31 8.582 8.911 9.307 9.800 1 O .43 11.27 
0.1 present work 8.071 8.402 8 . 78 9.228 9 . 78 10.48 11.42 12.71 14.61 17.68 23.36 
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